Homework Assignment #2

Instructor: Xiaogang Su b*

!Department of Statistics and Actuarial Science
University of Central Florida

Assignment

1. Problems from the Text: 2.1, 2.2, 2.10, 2.13, 2.15, 2.27, 2.29, and

2.39.
. For 2 x 2 tables, Yule (1900, 1912) introduced

_ T11T22 — M12721

M1z + T12721
which he labeled ) in honor the Belgian statistian Quetelet. It is now called
Yule’s Q.
(a) Show that for 2 x 2 tables, Goodman and Kruskal’s v = Q.
(b) Show that @ falls between —1 and 1.
(c) State conditions under which @ = —1 and @ = 1.
(d) Show that @ relates to the odds ratio by @ = (6 — 1)/(0 + 1), a monotone
transformation of @ from the [0, oo] scale onto the [—1, 1] scale.

. In an article about crime in the United States, Newsweek (Jan. 10, 1994) quoted
FBI statistics for 1992 stating that of blacks slain, 94% were slain by blacks, and
of white slain, 83% were slain y whites. Let Y = race of victim and X = race
of murderer. Which conditional distribution do these statistics refer to, Y| X, or
X|Y? What additional information would you need to estimate the probability
that the victim was white given that a murderer was white? Find and interpret
the odds ratio.

. Table 1 summarizes responses of 91 married couples in Arizona to a question
about how often sex is fun. Find and interpret a measure of association between
wife’s response and husband’s response.

. For a 2 x 2 table of counts {n;;}, show that the odds ratio is invariant to (a)
interchanging rows with columns, and (b) multiplication of cell counts within
rows or within columns by ¢ # 0. Show that the difference of proportions and
the relative risk do not have these properties.

*Email: xiaosu@mail.ucf.edu. Note that the extra problems are from Categorical Data Analysis by
Agresti, A., 2nd Edition.



CATEGORICAL DATA ANALYSIS

Table 1. Data for problem 3. Source: Reprinted from Hout et al. (1987).

Wife’s Rating of Sexual Fun
Never or Fairly ~ Very  Almost

Husband’s Rating Occasionally  Often  Often  Always
Never or Occasionally 7 7 2 3
Fairly Often 2 8 3 7
Very Often 1 5 4 9
Almost Always 2 8 9 14

6. For given m; and 7y, show that the relative risk cannot be farther than the odds
ratio from their independence value of 1.0.
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Solutions

Ex. 2.2

b Let “pos” denote positive diagnosis, “dis” denote subject has disease. Then,
by Bayes’s theorem,

P(dis&pos)
Plpos)
P(pos|dis)P(dis)
P(pos&dis) + P(pos&no dis)
P(pos|dis)P(dis)
P(pos|dis)P(dis) + P(pos|nodis)P(no dis)’
d Apply P(AN B) = P(A|B)P(B). Thus, for example, w11 = P(pos&dis) =
P(pos|dis)P(dis) = my = 0.86 x 0.01 = 0.0086. Similarly obtain m2, ma1,
and T22.

P(dis|pos) =

Ez. 2.2 According to the problem, we have P(black murderer|black victim) = 91%,
thus it is about the conditional probability of X given Y.

#2. (a) Goodman and Kruskal’s  for a 7 x ¢ contingency table is given by

Tle — Tqd

’y:7r6+7rd

where
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In a 2 x 2 table, the probability of forming a concordance pair, 7., reduces
to 2 - m11me2 and the probability of forming a discordant pair, 7y, reduces
to 2 - m2mel. And hence the results follows.
(b) This is because all 7;;’s are probabilities varying with range [0, 1] and both
11792/ (T11722 + 12721 ) and ma7me1 /(711 me2 + T127e1) are between 0 and 1.
(¢) When @ = 1, we have mja2ma1 = 0 i.e., either 712 or m9; or both are 0; When

Q) = —1, we have m1m99 = 0 i.e., either w11 or mey or both are 0.
(d) This can be shown by a division by 712721 on both the numerator and the
denominator.



3. Solutions:

. X given Y. Applyving Baves theorem, P(V = w|M = w) = P(M = w|V = uw)P(V
w)/|P(M = w|V = w)P(V = w) + P(IM = w|V =bP(V =b)| = .83 P(V=w)/[.83
P(V=w) + .06 P(V=Db)|. We nead to know the relative munbers of vietims who were
white and black. Odds ratio = (.94/.06)/(.17/.83) = T6.5.

4. Solutions:

. gamma = 360 (€' = 1508, D = 709); of the untied pairs, the difference hetween the
proportion of concordant pairs and the proportion of discordant pairs equals 360, There
15 a tendencey for wile's rating to be higher when husband’s rating is higher.

6. Solutions:

Suppose 1 > mg. Then, 1—m < 1—my, and 8 = [m /(1 —m1)|/|ma /(1 —m3)| > 7 /79 >
l. If my < o, then 1 —my > 1 —m, and 8 = |m /(1 — @1 )|/ |72/ (1 — m2)| < m1fma < L.



