Lecture & Examples

Topic 3: The Wilcoxon Signed Rank Test
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 Introduction:

The test presented in this lecture is known as the Wilcoxon Signed Rank Test. This test, presented by Wilcoxon (1945), is designed to test whether a particular sample came from a population with a specific median. It can also be used in paired difference experiments. For example, we are interested in comparing the twins with each other to see if the first-born twin tends to be more aggressive than the other.
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 The Wilcoxon Signed Rank Test:

Data:

The data consists of n* observations on the respective bivariate random variables. Let |Di| = |Xi ( Yi| be the absolute differences for i = 1, 2, . . . , n*. 

Let n be the number of none zero differences. Assign ranks to these n absolute differences according to the relative size of the absolute differences.

Assumptions:

(1) The sample of differences, Di, is randomly selected from the population of differences.

(2) The Di's are mutually independent.

(3) The probability distribution for the sampled paired differences is continuous.

Hypothesis:

Let (x1, y1), (x2, y2), . . . , (xn*, yn*) be n* observations from the bivariate distribution, where x1, . . . , xn* from population A, and y1, . . . , yn* from population B. Let Di = xi ( yi.

(a) Two-tailed Test:

H0: D = 0

Ha: D ( 0

(b) Right-tailed Test: (Population A is shifted to the right of B)

H0: D = 0

Ha: D ( 0

(c) Left-tailed Test: (Population A is shifted to the left of B)

H0: D = 0

Ha: D ( 0

Test Statistics:


Let
T( be the sum of signed rank of positive Dis



T( be the sum of signed rank of negative Dis



T = minimum(T( , T().


(a) Two-tailed Test:
T






(b) Right-tailed Test:
T(






(c) Left-tailed Test:
T(

Rejection Region:


(a) Two-tailed Test:
T ( T0






(b) Right-tailed Test:
T( ( T0






(c) Left-tailed Test:
T( ( T0
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 Large Sample Approximation for the Wilcoxon Signed Rank Test:

When the sample sizes are greater than 25, we can use the large sample approximation procedure.

Test Statistic:


[image: image4.wmf]z

T

n

n

n

n

n

c

=

+

-

+

+

+

(

)

(

)(

)

1

4

1

2

1

24


Rejection Region:


(a) Two-tailed Test:
zc ( z(/2 or zc ( (z(/2






(b) Right-tailed Test:
zc ( z(






(c) Left-tailed Test:
zc ( (z(
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 Example 13.5:

Twelve sets of identical twins were given psychological tests to measure their aggressiveness. The data were given as follows:


First
86
71
77
68
91
72
77
91
70
71
88
87


Second
88
77
76
64
96
72
65
90
65
80
81
72

We are interested to see if the first-born twin tends to be more aggressive.

(a) Can we use the large sample approximation procedure?

Solution: No, we can not use the large sample approximation procedure because the sample size is small.

(b) State the hypothesis.

Solution:

H0: D = 0 (The first-born twin does not tend to be more aggressive.)

Ha: D > 0 (The first-born twin tends to be more aggressive.)

(c) Find the test statistics.

Solution:

X
86
71
77
68
91
72
77
91
70
71
88
87

Y
88
77
76
64
96
72
65
90
65
80
81
72

D
-2
-6
+1
+4
-5
0
+12
+1
+5
-9
+7
+15

|D|
2
6
1
4
5
0
12
1
5
9
7
15

R
3
7
1.5
4
5.5
.
10
1.5
5.5
9
8
11

Sign
-
-
+
+
-
.
+
+
+
-
+
+

T( = 1.5 + 4 + 10 + 5.5+8 +11= 41.5

T( = 3 +7+5.5+9=24.5

T = min(T( , T() = 24.5

(d) Locate the rejection region at ( = 0.05.

Solution: The rejection region is T( ( 14.

(e) State your conclusion at ( = 0.05.

Solution: We can not reject the null hypothesis at ( = 0.05, i.e., there is not enough evidence to claim the first-born twin is more aggressive than the other.
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 Example 14.6:

A manufacturer of suntan lotion is testing a new formula to see whether it provides more protection against sunburn than the old formula. The manufacturer chose 10 persons at random from among the company's employees, applied the two types of lotion to their backs, one type on each side, and exposed their backs to a controlled but intense amount of sun. Degree of sunburn was measured for each side of each subject, with the results shown below (higher numbers represent more severe sunburn).


Subject
Old Formula
New Formula


1
41
37


2
42
39


3
48
31


4
38
39


5
38
34


6
45
47


7
21
19


8
28
30


9
29
25


10
14
8

Does the new formula appear to be more effective? (( = 0.05)

Solution:

Subject
Old
new
D
|D|
R
sign

1
41
37
4
4
7
+

2
42
39
3
3
5
+

3
48
31
17
17
10
+

4
38
39
-1
1
1
-

5
38
34
4
4
7
+

6
45
47
-2
2
3
-

7
21
19
2
2
3
+

8
28
30
-2
2
3
-

9
29
25
4
4
7
+

10
14
8
6
6
9
+

Hypothesis:

H0: The new formula is about the same as the old one.

       Ha: The new formula is more effective.

Or

H0: D=0

Ha: D>0

Test statistic: 

T( = 1+3+3=7

Rejection Region:

T( ( 11

Conclusion:

Yes, reject the null hypothesis. The new formula

seems to be more effective than the old one.
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