Lecture & Examples

Topic 2: The Wilcoxon Rank Sum Test
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 Introduction:

The test presented in this lecture is known as the Wilcoxon Rank Sum Test and also as the Mann-Whitney Test. It tests the null hypothesis that the two populations are identical. It combines two samples into a big ordered sample and the ranks are used in the test. Ranks may be considered preferable to the actual data for several reasons.

(1) If the numbers assigned to the observations have no meaning by themselves but attain meaning only in an ordinal comparison with the other observations, the numbers contain no more information than the ranks contain.

(2) Even if the numbers have is not a normal distribution function, the probability theory is usually beyond our reach when the test statistic is based on the actual data. The probability theory of statistics based on ranks is relatively simple and does not depend on the distribution in many cases.

(3) The power of the Wilcoxon Rank Sum Test is never too bad when compared with the two-sample t-test.
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 The Wilcoxon Rank Sum Test:

Data:

The data consists of random samples. Let x1, x2, . . . , xn denote the random sample of size n from population A, and let y1, y2, . . . , ym denote the random sample of size m from population B.

Assumptions:

(1) Both samples are random samples.

(2) Both samples are independent.

(3) Both samples are selected from continuous distribution functions.

Hypothesis:

Let F(x) and G(y) be the distribution functions corresponding to populations A and B, respectively.

(a) Two-tailed Test:

H0: F(x) = G(y)

Ha: F(x) ( G(y)

(b) Right-tailed Test:

H0: F(x) = G(y)

Ha: F(x) ( G(y)

(c) Left-tailed Test:

H0: F(x) = G(y)

Ha: F(x) ( G(y)

Test Statistics: 

Let
TA = rank sum associated with population A



TB = rank sum associated with population B


(a) Two-tailed Test:
T =
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 or 
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B

, depending on which sample having fewer observations






(b) Right-tailed Test: 
T =
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A

, assuming sample A having fewer observations






(c) Left-tailed Test: 
T =
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A

, assuming sample A having fewer observations

Rejection Region:


(a) Two-tailed Test:
T ( TL or T ( TU






(b) Right-tailed Test: 
T ( TU






(c) Left-tailed Test: 
T ( TL


(*)
TU is the upper value given by Table XII



TL is the lower value given by Table XII
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 The Wilcoxon Rank Sum Test for Two Large Independent Samples:

Data:

The data consists of two random samples. Let x1, x2, . . . , xn denote the random sample of size n from population A, and let y1, y2, . . . , ym denote the random sample of size m from population B. Both n ( 10 and m ( 10.

Assumptions:

(1) Both samples are independent random samples.

(2) Both underlying population distribution functions are continuous.

(3) Both sample sizes are sufficiently large (i.e., ( 10).

Hypothesis:

Let F(x) and G(y) be the corresponding distribution functions for populations A and B, respectively.

(a) Two-tailed Test:

H0: F(x) = G(y)

Ha: F(x) ( G(y)

(b) Right-tailed Test:

H0: F(x) = G(y)

Ha: F(x) ( G(y)

(c) Left-tailed Test:

H0: F(x) = G(y)

Ha: F(x) ( G(y)

Test Statistic:

Let TA be the rank sum for population A.
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Rejection Region:


(a) Two-tailed Test:
z ( z((2 or z ( ( z((2






(b) Right-tailed Test: 
z ( z(






(c) Left-tailed Test: 
z ( ( z(

[image: image9.png]


 Example 14.3:

A certain type of batter is to be mixed until it reaches a specified level of consistency.  Five batches of the batter are mixed using mixer A, and another five batches are mixed using mixer B.  The required times for mixing are given as follows:


Mixer A:
7.3
6.9
7.2
7.8
7.2


Mixer B:
7.4
6.8
7.0
6.7
7.1

(a) Suppose that you want to test two distributions are identical. Write down the hypothesis.

Solution: Let F(x) and G(y) be the distribution functions for Mixer A and Mixer B, respectively.

H0: F(x) = G(y)

Ha: F(x) ( G(y)

(b) Find the rank sum for Mixer A.

Solution:

A
rank A
B
rank B

7.3
8
7.4
9

6.9
3
6.8
2

7.2
6.5
7.0
4

7.8
10
6.7
1

7.2
6.5
7.1
5

TA = 8 + 3 + 6.5 + 10 + 6.5 = 34

(c) Find the rejection region at ( = 0.05.

Solution: Rejection region is T ( 18 or T ( 37

(d) Can we reject the null hypothesis at ( = 0.05?

Solution: We can not reject the null hypothesis because TA = 34 is not in the rejection region.
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 Example 14.4:

The senior class in a particular high school had 48 boys. Twelve boys lived on farms and the other lived in town. A test was devised to see if farm boys in general were more physically fit than town boys. The scores of the farm boys (Xi) and the town boys (Yi) are as follows:


Xi:
14.8
10.6
7.3
12.5
5.6
12.9
6.3



16.1
9.0
11.4
4.2
2.7




Yi:
12.7
14.2
12.6
2.1
17.7
11.8
16.9



7.9
16.0
10.6
5.6
5.6
7.6
11.3



8.3
6.7
3.6
1.0
2.4
6.4
9.1



6.7
18.6
3.2
6.2
6.1
15.3
10.6


1.8
5.9
9.9
10.6
14.8
5.0
2.6
4.0

(a) State the hypothesis.

Solution: Let F(x) and G(y) be the corresponding distribution functions for farm boys and town boys, respectively.

H0: F(x) = G(y)

Ha: F(x) ( G(y)

(b) Can we use the Large Sample Wilcoxon Rank Sum Test?

Solution: Yes, we can use the large sample Wilcoxon Rank Sum Test because 

n = 12 ( 10 and m = 36 ( 10.

(c) Let the rank sum for farm boys = 321. Find the test statistic.

Solution:
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(d) Can we say that the farm boys were more physically fit than town boys at 

( = 0.05?

Solution: The rejection region at ( = 0.05 is z ( z( = z0.05 = 1.96. Thus, one can not reject the null hypothesis at ( = 0.05. There is not enough evidence to say that the farm boys are more physically fit than town boys.
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