Lecture & Examples

Topic 1:  The Sign Test
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 Introduction:

All statistical inference procedures discussed so far are based on specific assumptions regarding the nature of the underlying population distribution. The most commonly used underlying population distribution is called a normal distribution. The normal distribution plays a very important role in the statistical reference. Although the underlying population distribution might not be “exactly” normally distributed, it, in many cases, can be very well approximated by a normal distribution. In practice, however, the data might come from a given population that can not be well approximated by a normal distribution. For example, the distribution might be very flat, peaked, or strongly skewed to the right or left. (See Figure 15.1)
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Also we might not have the numerical measurements, and only have the ranks, of the data. For example, we can not measure the teaching ability of an instructor. But we can compare two instructors by ranking them according to a subjective evaluation of their teaching ability.

In both cases, the statistical procedures discussed so far are inappropriate. An alternative set of statistical methods is available. They can be classified as nonparametric statistical procedures. In a nonparametric statistical inference, the methods do not depend on the specific distribution of the population from which the sample was drawn. Therefore, assumptions regarding the underlying population are not necessary. In this chapter, we will discuss the three different nonparametric statistical procedures: the Sign Test, the Wilcoxon Rank Sum Test, and the Wilcoxon Signed Rank Test. If you want to learn more nonparametric statistical procedures, you can take STA4502 (Nonparametric Statistical Methods) or STA6507 (Nonparametric Statistics).
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 The Sign Test:

Suppose that we have a very small sample from a nonnormal distribution, we can not use either z or t statistics discussed in Chapter 8. The z statistic is inappropriate because the sample size is small. The t statistic is inappropriate because the underlying population distribution is nonnormal. In this case, the Sign Test is a simple alternative procedure to use.

When the underlying population distribution is normal, the mean, the median, and the mode are overlaid. Either one of them can be used to measure the central tendency of the population. However, it is no longer the case when the underlying population distribution is nonnormal. Usually, we make inferences on the population median (() rather than the population mean (() in many nonparametric procedures.
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Figure 15.2 Normal Distribution
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Figure 15.3 Skew to the Left
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 The Sign Test:

Data:

The data consists of n observations, x1, x2, . . . , xn, drawn from a population with unknown median (.

Assumptions:

The sample is selected randomly from a continuous probability distribution.

Hypothesis:

(A) Right-tailed Test

H0: ( = (0
Ha: ( ( (0
(B) Left-tailed Test

H0: ( = (0
Ha: ( ( (0
(C) Two-tailed Test

H0: ( = (0
Ha: ( ( (0
Test Statistics:

(A) Right-tailed Test

S( = Number of sample measurements greater than (0.

(B) Left-tailed Test

S( = Number of sample measurements less than (0.

(C) Two-tailed Test

S = maximum of S( and S(
Observed Significance Level:

(A) p-value = P(x ( S()

(B) p-value = P(x ( S()

(C) p-value = 2P(x ( max(S(, S())

where x has a binomial distribution with parameters n and p = 0.5. (Use Table II in the text book)

Decision Making:

Reject the null hypothesis at ( = 0.05 if p-value ( 0.05.
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 Example 14.1:

Six students went on a diet in an attempt to lose weight, with the following results:


Name
Weight Loss (lb.)


Abdul
9


Ed
5


Jim
4


Max
3


Phil
-2


Ray
7

(a) Can we use z statistics?

Solution: We can not use z statistics because the sample size is not large enough.

(b) Can we use t statistics if we do not want to assume that the amount of weight lost has a normal distribution?

Solution: We can not use t statistics unless we are confident that the amount of weight lost has a normal distribution.

(c) Do we still make any assumptions about the data?

Solution: Yes, we need to assume the sample data comes from a population with underlying continuous distribution.

(d) Suppose we want to know that “the diet is an effective way to losing weight?” Write down the hypothesis.

Solution: H0: ( = 0 vs. Ha: ( ( 0

Note: (1) (0 is 0 in this example, (2) The diet is an effective way of losing weight if the population median is greater than 0, i.e., we have a right-tailed test.

(e) What is the test statistic in part (d)?

Solution: S( = 5

(f) What is the observed significance level in part (d)?

Solution: p-value = P(S( ( 5) = 1 ( P(S( ( 4) = 1 ( 0.891 = 0.109

Note: Use Table II in the text book with n = 6 and p = 0.5.

(g) Can we reject the null hypothesis at ( = 0.05?

Solution: No. We can not reject the null hypothesis because p-value = 0.109 ( 0.05. Thus, the diet is not an effective way of losing weight.
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 Example 14.2:

The reaction time before lunch was compared with the reaction time after lunch for a group of 25 office workers. Eighteen workers found their reaction time before lunch was shorter. Is the reaction time after lunch significantly longer than the reaction time before lunch?

(a) Write down the hypothesis.

Solution: H0: ( = 0 vs. Ha: ( ( 0

(b) What is the sample size?

Solution: n = 25

(c) What is the test statistic?

Solution: S( = 18

(d) What is the observed significance level?

Solution: p-value = P(S( ( 18) = 1 ( P(S( ( 17) = 1 ( 0.978 = 0.022

(e) Can we say that the reaction time after lunch is longer at ( = 0.05?

Solution: Yes. Since the p-value = 0.022 ( 0.05, we can reject the null hypothesis, i.e., the reaction time after lunch is significantly longer.

Note: 

(a) If you forget the definition of central tendency, you can look at Section 2.4 in the textbook.

(b) We don’t cover the large-sample sign test for population median because there are better procedures to be used. You can find these procedures in STA4502 or STA6507.

