Lecture and Examples

Topic 9: Testing Portions of a Model

Suppose we use both Model I and Model II to fit the same data and want to know which model is better in fitting the data.

Model I:
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Model II:
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Asking whether Model II contributes more information for the prediction of y than Model I is equivalent to asking whether 
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; that is, to test the following hypothesis:

Hypothesis:
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The test statistic for the above hypothesis is:


[image: image5.wmf](

)

(

)

(

)

)

1

(

SSE

SSE

SSE

II

II

I

c

+

-

-

-

=

k

n

g

k

F


where

(1) SSEI is the Sum of Squared Errors for Model I;

(2) SSEII is the Sum of Squared Errors for Model II;

(3) k(g is the number of parameters in the null hypothesis;

(4) n is total sample size.

The rejection region for the above test is:
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Since Model I has fewer parameters, we call Model I the reduced model.  The model that has more parameters is called the complete model.
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 Example 12.17: 

A firm likes to forecast its annual sales in each of its sales regions.  The firm has decided to base its forecasts on regional population size and its yearly regional advertising expenditures.  The data are given in Table 12.15.


Table 12.15 Data for Example 12.17                                       

       Population  Advertising   Square of   Square of

Sales   of Region  Expenditure  Population  Expenditure  Interaction
  65       200          8.0        40000        64.00        1600

  80       210         10.0        44100       100.00        2100

  85       205          9.0        42025        81.00        1845

 100       300          8.5        90000        72.25        2550

 108       320         12.0       102400       144.00        3840

 114       290         10.0        84100       100.00        2900

  40        90          6.0         8100        36.00         540

  45        85          8.0         7225        64.00         680

 150       450          9.0       202500        81.00        4050

  42        87          9.0         7569        81.00         783

 220       480         13.0       230400       169.00        6240

 200       500         15.0       250000       225.00        7500

SAS Printout for the First Order Model:
Model: EQ1

Dependent Variable: Y          Sales

Analysis of Variance

                         Sum of         Mean

Source          DF      Squares       Square      F Value      Prob>F

Model            2  36704.49428  18352.24714       78.862      0.0001

Error            9   2094.42239    232.71360

C Total         11  38798.91667

    Root MSE      15.25495     R-square       0.9460

    Dep Mean     104.08333     Adj R-sq       0.9340

    C.V.          14.65648

Parameter Estimates

                 Parameter      Standard    T for H0:

Variable  DF      Estimate         Error   Parameter=0    Prob > |T|

INTERCEP   1    -29.697160   20.95611779        -1.417        0.1901

X1         1      0.320852    0.04839866         6.629        0.0001

X2         1      4.878167    2.93858681         1.660        0.1313

              Variable

Variable  DF     Label

INTERCEP   1  Intercept

X1         1  Population of Region

X2         1  Advertising Expenditure

SAS Printout for the Second Order Interaction Model:
Model: EQ2

Dependent Variable: Y          Sales

Analysis of Variance

                         Sum of         Mean

Source          DF      Squares       Square      F Value      Prob>F

Model            3  37235.72892  12411.90964       63.521      0.0001

Error            8   1563.18775    195.39847

C Total         11  38798.91667

    Root MSE      13.97850     R-square       0.9597

    Dep Mean     104.08333     Adj R-sq       0.9446

    C.V.          13.43010

Parameter Estimates

                 Parameter      Standard    T for H0:

Variable  DF      Estimate         Error   Parameter=0    Prob > |T|

INTERCEP   1     37.466913   45.03309029         0.832        0.4296

X1         1      0.133947    0.12172105         1.100        0.3031

X2         1     -2.899379    5.43140180        -0.534        0.6080

X12        1      0.020480    0.01242046         1.649        0.1378

              Variable

Variable  DF     Label

INTERCEP   1  Intercept

X1         1  Population of Region

X2         1  Advertising Expenditure

X12        1  Interaction

SAS Printout for the Complete Second Order Model:
Model: EQ3

Dependent Variable: Y          Sales

Analysis of Variance

                         Sum of         Mean

Source          DF      Squares       Square      F Value      Prob>F

Model            5  38638.97257   7727.79451      289.894      0.0001

Error            6    159.94409     26.65735

C Total         11  38798.91667

    Root MSE       5.16308     R-square       0.9959

    Dep Mean     104.08333     Adj R-sq       0.9924

    C.V.           4.96052

Parameter Estimates

                 Parameter      Standard    T for H0:

Variable  DF      Estimate         Error   Parameter=0    Prob > |T|

INTERCEP   1   -214.506423   38.67967128        -5.546        0.0015

X1         1     -0.909940    0.15211450        -5.982        0.0010

X2         1     78.683461   11.56158360         6.806        0.0005

X12        1      0.142796    0.02035520         7.015        0.0004

X1SQ       1     -0.000137    0.00013860        -0.988        0.3612

X2SQ       1     -5.987144    0.86370441        -6.932        0.0004

              Variable

Variable  DF     Label

INTERCEP   1  Intercept

X1         1  Population of Region

X2         1  Advertising Expenditure

X12        1  Interaction

X1SQ       1  Square of Population

X2SQ       1  Square of Expenditure

(a) Does the data present enough information to conclude that a complete second-order model provides more information for the prediction of y than does a first-order model?  Test using  = 0.05.

Solution:

Hypothesis:
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Test Statistic:
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Rejection Region:
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Conclusion: 

Reject the null hypothesis; thus, the complete second-order model provides more information than the first-order model.

(b) Does the data present enough information to conclude that a second-order interaction model provides more information for the prediction of y than does a first-order model?  Test using  = 0.05.

Solution:

Hypothesis:
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Test Statistic:


[image: image12.wmf](

)

(

)

(

)

(

)

(

)

(

)

719

.

2

40

.

195

23

.

531

)

1

3

(

12

19

.

1563

2

3

19

.

1563

42

.

2094

)

1

(

SSE

SSE

SSE

II

II

I

c

=

=

+

-

-

-

=

+

-

-

-

=

k

n

g

k

F


Rejection Region:
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Conclusion:

Fail to reject the null hypothesis; thus, the second-model interaction does not provide more information than the first order-model.
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 Example 12.18: 

A real estate appraiser used regression analysis to explore the relationship between the sale price and five other variables.  The data are given in Table 12.16.  

SAS Printout:

Table 12.16 Data for Example 12.18                                       

                                               No. of      Gross

 Sale      Number of      Age of      Lot     Parking    Building

 Price    Apartments    Structure     Size     Space       Area
 90300         4            82        4635        0         4266

384000        20            13       17798        0        14391

157500         5            66        5913        0         6615

676200        26            64        7750        6        34144

165000         5            55        5150        0         6120

300000        10            65       12506        0        14552

108750         4            82        7160        0         3040

276538        11            23        5120        0         7881

420000        20            18       11745       20        12600

950000        62            71       21000        3        39448

560000        26            74       11221        0        30000

268000        13            56        7818       13         8088

290000         9            76        4900        0        11315

173200         6            21        5424        6         4461

323650        11            24       11834        8         9000

162500         5            19        5246        5         3828

353500        20            62       11223        2        13680

134400         4            70        5834        0         4680

187000         8            19        9075        0         7392

155700         4            57        5280        0         6030

 93600         4            82        6864        0         3840

110000         4            50        4510        0         3092

573200        14            10       11192        0        23704

 79300         4            82        7425        0         3876

272000         5            82        7500        0         9542

SAS Printout for the Reduced Model:

Model: EQ1

Dependent Variable: Y          Sale Price

Analysis of Variance

                         Sum of         Mean

Source          DF      Squares       Square      F Value      Prob>F

Model            3 1.0496768E12 349892276790      303.712      0.0001

Error           21  24193116945 1152053187.9

C Total         24 1.0738699E12

    Root MSE   33941.90902     R-square       0.9775

    Dep Mean  290573.52000     Adj R-sq       0.9743

    C.V.          11.68101

Parameter Estimates

                 Parameter      Standard    T for H0:

Variable  DF      Estimate         Error   Parameter=0    Prob > |T|

INTERCEP   1        114369  17421.005875         6.565        0.0001

X1         1   5035.542871  1153.4243869         4.366        0.0003

X2         1  -1057.007283  268.50633836        -3.937        0.0008

X5         1     14.961354    1.44881935        10.327        0.0001

              Variable

Variable  DF     Label

INTERCEP   1  Intercept

X1         1  Number of Apartments

X2         1  Age of Structure

X5         1  Gross Building Area

SAS Printout for the Complete Model:

Model: EQ2

Dependent Variable: Y          Sale Price

Analysis of Variance

                         Sum of         Mean

Source          DF      Squares       Square      F Value      Prob>F

Model            5 1.0528947E12 210578940102      190.749      0.0001

Error           19  20975246806 1103960358.2

C Total         24 1.0738699E12

    Root MSE   33225.89891     R-square       0.9805

    Dep Mean  290573.52000     Adj R-sq       0.9753

    C.V.          11.43459

Parameter Estimates

                 Parameter      Standard    T for H0:

Variable  DF      Estimate         Error   Parameter=0    Prob > |T|

INTERCEP   1         93074  28720.896862         3.241        0.0043

X1         1   4152.207009  1491.6258701         2.784        0.0118

X2         1   -854.941615  298.44765134        -2.865        0.0099

X3         1      0.924244    2.87673442         0.321        0.7515

X4         1   2692.461752  1577.2862258         1.707        0.1041

X5         1     15.542769    1.46287006        10.625        0.0001

              Variable

Variable  DF     Label

INTERCEP   1  Intercept

X1         1  Number of Apartments

X2         1  Age of Structure

X3         1  Lot Size

X4         1  No. of Parking Space

X5         1  Gross Building Area

(a) Does the data provide sufficient evidence to conclude that the model including all five variables is useful in predicting the sales price?

Solution:

Hypothesis:
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Test Statistic:
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Conclusion: 

Since we can reject the null hypothesis, the complete model is useful in predicting the sale price.

(b) Does the data provide sufficient evidence to conclude that the model including x1, x2, and x5 is useful in predicting the sales price?

Solution:

Hypothesis:


[image: image18.wmf]0

one

least

At

:

0

:

a

5

2

1

0

¹

b

=

b

=

b

=

b

i

H

H


Test Statistic:
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Conclusion: 

Since we can reject the null hypothesis, the reduced model is useful in predicting the sales price.

(c) Does the data provide sufficient evidence to conclude that the model in part (a) provides more information than the model in part (b)?

Solution:

Hypothesis:
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Test Statistic:
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Rejection Region:


[image: image23.wmf]52

.

3

05

.

0

,

19

,

2

c

=

>

F

F


Conclusion: 

Thus, model with five variables does not provide more information than model with only three variables.  This means we can use the reduced model instead of the complete model.
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