Lecture & Examples

Topic 7: Models with Two or More Quantitative Independent Variables

We only discuss several models with two quantitative independent variables.  Let y be the response variable and x1 and x2 be two independent quantitative variables.  The three most commonly used two variables models are as follows:
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 First-Order Model with Two Independent Variables:
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Assumptions:

1) E(() = 0;

2) Var(() = (2;
3) The error for each observation comes from a normal population;
4) Error terms are independent.
Unknown Parameters:


(0y-intercept

1Change in E(y) for a one-unit increase in x1 when x2 is held fixed
2: Change in E(y) for a one-unit increase in x2 when x1 is held fixed
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 Interaction Second-Order Model with Two Independent Variables:
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Assumptions:

1) E(() = 0;

2) Var(() = (2;
3) The error for each observation comes from a normal population;
4) Error terms are independent.
Unknown Parameters:

(0y-intercept

(1 + (3x2: Change in E(y) for one-unit increase in x1when x2 is held fixed

(2 + (3x1: Change in E(y) for one-unit increase in x2 when x1 is held fixed
(3: Controls the rate of twist in the surface
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 Complete Second-Order Model with Two Independent Variables:
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Assumptions:

1) E(() = 0;

2) Var(() = (2;
3) The error for each observation comes from a normal population;
4) Error terms are independent.
Unknown Parameters:


(0y-intercept
1Changing 1 causes the surface to shift along the x1 axis 

2: Changing 2 causes the surface to shift along the x2 axis
(3: Controls the rotation of the surface

(4 and (5: Signs and values of these parameters control the type of surface and the rates of curvature
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 Example 12.13:

A study was conducted to investigate the variables that affect the violence assault (y).  The independent variables include temperature (x1) and time period of day (in 8 three-hour interval) (x2).  

(a) Identify the type (quantitative or qualitative) of each independent variable.

(b) Write down the first-order model.

(c) Write the second-order interaction model.

(d) Write down the complete second-order model.

(e) Identify the terms in the model that allow for curvilinear relationships.

Solution:

(a) Temperature is Quantitative and time of day is qualitative
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 Example 12.14: 

A supermarket chain is interested in exploring the relationship between the sales of its store-brand canned vegetables (y) in local newspaper (x1), and the amount of shelf space allocated to the brand (x2).  The data are in the following Table.

Table 12.10 Data for Example 12.14                                               

  Y      X1     X2     X12       X1SQ     X2SQ
2010     201    75    15075      40401    5625

1850     205    50    10250      42025    2500

2400     355    75    26625     126025    5625

1575     208    30     6240      43264     900

3550     590    75    44250     348100    5625

2015     397    50    19850     157609    2500

3908     820    75    61500     672400    5625

1870     400    30    12000     160000     900

4877     977    75    73275     954529    5625

2190     515    30    15450     265225     900

5005     996    75    74700     992016    5625

2500     625    50    31250     390625    2500

3005     860    50    43000     739600    2500

3480    1012    50    50600    1024144    2500

5500    1135    75    85125    1288225    5625

1995     635    30    19050     403225     900

2390     837    30    25110     700569     900

4390    1200    50    60000    1440000    2500

2785     990    30    29700     980100     900

2989    1205    30    36150    1452025     900

SAS Output for First-Order Model:

Model: EQ1

Dependent Variable: Y          Sales

Analysis of Variance

                  Sum of     Mean

Source   DF      Squares   Square     F Value  Prob>F

Model     2 23711315.367 11855657.684  76.279  0.0001

Error    17 2642215.8326 155424.46074

C Total  19   26353531.2

    Root MSE     394.23909     R-square       0.8997

    Dep Mean    3014.20000     Adj R-sq       0.8879

    C.V.          13.07939

Parameter Estimates

        Parameter    Standard   T for H0:

Variable Estimate       Error Parameter=0    Prob > |T|

INTERCEP -566.418     312.265      -1.814      0.0874

X1          2.551       0.267       9.564      0.0001

X2         34.285       4.680       7.326      0.0001

             Variable

Variable  DF     Label

INTERCEP   1  Intercept

X1         1  Advertising Expenditures

X2         1  Shelf Space

SAS Printout for Second-Order Interaction Model:

Model: EQ2

Dependent Variable: Y          Sales

Analysis of Variance

                   Sum of       Mean

Source      DF    Squares     Square    F Value Prob>F

Model       3 25779228.431 8593076.1436 239.402 0.0001

Error      16 574302.76920  35893.92307

C Total    19   26353531.2

    Root MSE     189.45692     R-square       0.9782

    Dep Mean    3014.20000     Adj R-sq       0.9741

    C.V.           6.28548

Parameter Estimates

           Parameter  Standard    T for H0:

Variable    Estimate     Error   Parameter=0 Prob > |T|

INTERCEP    1340.151   292.598      4.580      0.0003

X1            -0.173     0.381     -0.455      0.6551

X2            -2.806     5.379     -0.522      0.6091

X12            0.053     0.007      7.590      0.0001

SAS Printout for Complete Second-Order Model:

Model: EQ3

Dependent Variable: Y          Sales

Analysis of Variance

                  Sum of      Mean

Source   DF      Squares    Square    F Value   Prob>F

Model     5     25988534 5197706.7999 199.366   0.0001

Error    14 364997.20035  26071.22860

C Total  19   26353531.2

    Root MSE     161.46587     R-square       0.9861

    Dep Mean    3014.20000     Adj R-sq       0.9812

    C.V.           5.35684

Parameter Estimates

        Parameter   Standard    T for H0:

Variable Estimate      Error   Parameter=0   Prob > |T|

INTERCE  2405.778    495.491         4.855       0.0003

X1         -1.573      0.680        -2.315       0.0363

X2        -32.426     17.270        -1.878       0.0814

X12         0.054      0.006         9.092       0.0001

X1SQ      0.00905    0.00040         2.379       0.0322

X2SQ        0.268      0.158         1.695       0.1122

PLOT: Predict against Independent variables

[image: image13.png]Figure 13.8 95% Confidence Interval for Example 13.4
(First-Order Model)
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[image: image14.png]Figure 13.9 95% Confidence Interval for Example 13.4
(Second-Order Interaction Model)
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[image: image15.png]Figure 13.10 95% Confidence Interval for Example 13.4
(Complete Second-Order Model)
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PLOTS:  Predict Against the Independent Variables

[image: image16.png]Figure 13.11" 95% Confidence Interval for Example 13.4
(First-Order Model)
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[image: image17.png]Figure .13.12 95% Confidence Interval for Example 13.4
(Second-Order Interaction Model)
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[image: image18.png]Figure .13.13 95% Confidence Interval for Example 13.4
(Complete Second-Order Model)
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(a) Write a first-order model, a second order interaction model, and the complete second-order model.

Solution:
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(b) Construct F-test to investigate the overall usefulness of each of the three models.

Solution:

First-order model:  

Hypothesis: 
H0: 1 =2 = 0

Ha: at least one i ( 0

Test Statistic: Fc = 76.279

p-value: 0.0001

Second-order interaction model:  

Hypothesis: 
H0: 1 = 2 =3 = 0 

Ha: at least one i ( 0

Test Statistic: Fc = 239.402

p-value: 0.0001

Complete second-order model:  

Hypothesis: 
H0: 1 = 2 =3 =4 =5 = 0 

Ha: at least one i ( 0

Test Statistics: Fc = 199.366

p-value: 0.0001

All models are useful in prediction. 

(c) Does the interaction term contribute information for the prediction of sales? 

Solution:

Using the second-order interaction model.

Test Hypothesis: 

Hypothesis: 
H0: 3 = 0 

Ha: 3 ( 0

Test Statistics: tc = 7.590

p-value: 0.0001

Thus, the interaction term in the second-order interaction model provides significant information to improve the prediction model.

(d) Explain what it means to say that advertising expenditures and shelf space interact.

Solution:

Advertising expenditure and shelf space are said to interact if the affect of advertising expenditure on sales is different at different amounts of shelf space.

(e) Explain how you could be misled by using a first-order model instead of an interaction model to explain how advertising expenditure and shelf space influence sales.

Solution:

If a first-order model were used, the effect of advertising expenditure on sales would be the same regardless of the amount of shelf space.  If interaction really exists, the effect of advertising expenditure on sales would depend on the amount of shelf space presented.

(f) How many amounts of the predicted sales increase if you fix the shelf space and increase one more dollar on advertising expenditure?

Solution:

Based on the first-order model: $2.55

Based on the second-order interaction model: (0.17 + 0.053x2

Based on the complete second-order model: (1.57 + 0.054x2 + 0.00095(2x1 + 1)
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