Lecture & Example

Topic 5: An Example of a Multiple Regression Model
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 Example 12.10: 

The following data come from a study of the college student's GPA and SAT score.

Table 12.5 Student's GPA and SAT Scores                                                  

MATH    VERBAL     GPA
 87        81     3.49

 99        68     2.89

 86        57     2.73

 49       100     1.54

 83        54     2.56

 86        82     3.43

 74        75     3.59

 98        58     2.86

 54        55     1.46

 81        49     2.11

 76        64     2.69

 59        66     2.16

 61        80     2.60

 85       100     3.30

 76        83     3.75

 66        64     2.70

 72        83     3.15

 54        93     2.28

 59        74     2.92

 75        51     2.48

 75        79     3.45

 62        81     2.76

 69        50     1.90

 70        72     3.01

 52        54     1.48

 79        65     2.98

 78        56     2.58

 67        98     2.73

 80        97     3.27

 90        77     3.47

 54        49     1.30

 81        39     1.22

 69        87     3.23

 95        70     3.82

 89        57     2.93

 67        74     2.83

 93        87     3.84

 65        90     3.01

 76        81     3.33

 69        84     3.06

The SAS Printout for the model GPA = (0 + (1(VERBAL) + (2(MATH) + ( is as follows:

Model: MODEL1

Dependent Variable: GPA

Analysis of Variance

                         Sum of         Mean

Source          DF      Squares       Square      F Value       Prob>F

Model            2     12.78595      6.39297       39.505       0.0001

Error           37      5.98755      0.16183

C Total         39     18.77350

    Root MSE       0.40228     R-square       0.6811

    Dep Mean       2.77225     Adj R-sq       0.6638

    C.V.          14.51080

Parameter Estimates

                 Parameter      Standard    T for H0:

Variable  DF      Estimate         Error   Parameter=0    Prob > |T|

INTERCEP   1     -1.570537    0.49374850        -3.181        0.0030

VERBAL     1      0.025732    0.00402357         6.395        0.0001

MATH       1      0.033615    0.00492751         6.822        0.0001
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Solution: The student’s GPA increases 0.026 if his verbal score increases one point.  The student’s GPA increases 0.034 if his math score increases one point.

(b) Find the standard deviation and the multiple coefficient of determination of the regression model.

Solution: The standard deviation for this model is 0.402 and the multiple coefficient of determination is 0.68.  Thus, the model can only explain about 68% of the variability.

(c) Is this model useful for predicting GPA?  Conduct a statistical test to justify your answer.

Solution:

H0:  = 0

Ha: (or( 0

Test Statistic is Fc = 39.51 and the reject region at = 0.05 is F > 3.23.  Since we reject the null hypothesis, the model is useful for predicting GPA.

(d) Find the 95% estimation and prediction interval for this set of data.

Solution:

Table 12.6 Prediction and Confidence Interval

    Dep Var   Predict   Std Err  Lower95%  Upper95%  Lower95%  Upper95%

Obs    GPA      Value   Predict      Mean      Mean   Predict   Predict  Residual

  1  3.4900    3.4383     0.100    3.2364    3.6401    2.5986    4.2780    0.0517

  2  2.8900    3.5071     0.138    3.2274    3.7868    2.6454    4.3689   -0.6171

  3  2.7300    2.7871     0.102    2.5798    2.9943    1.9460    3.6281   -0.0571

  4  1.5400    2.6498     0.170    2.3056    2.9940    1.7650    3.5346   -1.1098

  5  2.5600    2.6090     0.103    2.4002    2.8179    1.7676    3.4505   -0.0490

  6  3.4300    3.4304     0.098    3.2315    3.6292    2.5914    4.2694  -0.00038

  7  3.5900    2.8469     0.065    2.7158    2.9779    2.0213    3.6724    0.7431

  8  2.8600    3.2162     0.141    2.9310    3.5014    2.3526    4.0797   -0.3562

  9  1.4600    1.6599     0.141    1.3738    1.9461    0.7961    2.5238   -0.1999

 10  2.1100    2.4131     0.115    2.1805    2.6458    1.5655    3.2608   -0.3031

 11  2.6900    2.6310     0.072    2.4858    2.7763    1.8031    3.4590    0.0590

 12  2.1600    2.1111     0.102    1.9034    2.3187    1.2699    2.9522    0.0489

 13  2.6000    2.5385     0.093    2.3493    2.7278    1.7018    3.3753    0.0615

 14  3.3000    3.8599     0.145    3.5671    4.1528    2.9938    4.7260   -0.5599

 15  3.7500    3.1200     0.078    2.9610    3.2790    2.2895    3.9504    0.6300

 16  2.7000    2.2949     0.083    2.1261    2.4637    1.4625    3.1273    0.4051

 17  3.1500    2.9855     0.077    2.8289    3.1421    2.1555    3.8155    0.1645

 18  2.2800    2.6378     0.138    2.3580    2.9175    1.7760    3.4995   -0.3578

 19  2.9200    2.3169     0.097    2.1200    2.5138    1.4784    3.1555    0.6031

 20  2.4800    2.2629     0.106    2.0486    2.4772    1.4201    3.1057    0.2171

 21  3.4500    2.9834     0.070    2.8420    3.1248    2.1562    3.8107    0.4666

 22  2.7600    2.5979     0.091    2.4125    2.7833    1.7620    3.4338    0.1621

 23  1.9000    2.0355     0.114    1.8042    2.2668    1.1882    2.8828   -0.1355

 24  3.0100    2.6352     0.067    2.5003    2.7702    1.8090    3.4614    0.3748

 25  1.4800    1.5670     0.151    1.2611    1.8729    0.6964    2.4376   -0.0870

 26  2.9800    2.7576     0.073    2.6099    2.9054    1.9293    3.5860    0.2224

 27  2.5800    2.4924     0.091    2.3072    2.6777    1.6566    3.3283    0.0876

 28  2.7300    3.2034     0.124    2.9526    3.4543    2.3506    4.0562   -0.4734

 29  3.2700    3.6147     0.125    3.3617    3.8677    2.7612    4.4681   -0.3447

 30  3.4700    3.4362     0.105    3.2238    3.6485    2.5939    4.2785    0.0338

 31  1.3000    1.5055     0.156    1.1893    1.8218    0.6313    2.3798   -0.2055

 32  1.2200    2.1558     0.148    1.8554    2.4563    1.2871    3.0245   -0.9358

 33  3.2300    2.9876     0.089    2.8071    3.1680    2.1528    3.8224    0.2424

 34  3.8200    3.4241     0.121    3.1790    3.6693    2.5730    4.2753    0.3959

 35  2.9300    2.8879     0.111    2.6638    3.1121    2.0426    3.7333    0.0421

 36  2.8300    2.5858     0.072    2.4392    2.7325    1.7577    3.4140    0.2442

 37  3.8400    3.7943     0.133    3.5255    4.0632    2.9361    4.6526    0.0457

 38  3.0100    2.9303     0.103    2.7225    3.1381    2.0892    3.7715    0.0797

 39  3.3300    3.0685     0.074    2.9182    3.2188    2.2397    3.8973    0.2615

 40  3.0600    2.9104     0.082    2.7446    3.0762    2.0786    3.7422    0.1496

Sum of Residuals                      0

Sum of Squared Residuals         5.9876

Predicted Resid SS (Press)       7.5030

(e) Analyze two residual plots and determine whether visual evidence exists that additional terms for either verbal or math should be added to the model.
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Figure 12.12 Residual Plot of VERBAL for Example 12.10 (e

verbal




The residual plot reveals a nonrandom pattern.  The residuals exhibit a curved shape, with the residual for small values of VERBAL below the horizontal 0 line, the residuals corresponding to the middle values of VERBAL above the 0 line, and the residuals for the large values of VERBAL again below the horizontal 0 line.  This indicates that we might want to add the second order term, VERBAL*VERBAL, in the model.
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Figure 12.13 Residual Plot of MATH for Example 12.10 (e)

MATH





The residual plot reveals a nonrandom pattern as well, although it is not as obvious as the previous residual plot.  We might want to add the second order term of MATH in the model as well.

Clearly, the residual plots show both quadratic terms for verbal and math should be added to the model.
(f) Fit the data with a complete second order model with the SAS package.

Solution:

Table 12.7  SAS Output for the Complete Second Order Model

Model: MODEL1

Dependent Variable: GPA

Analysis of Variance

                         Sum of         Mean

Source          DF      Squares       Square      F Value       Prob>F

Model            5     17.58274      3.51655      100.409       0.0001

Error           34      1.19076      0.03502

C Total         39     18.77350

    Root MSE       0.18714     R-square       0.9366

    Dep Mean       2.77225     Adj R-sq       0.9272

    C.V.           6.75056

Parameter Estimates

                 Parameter      Standard    T for H0:

Variable  DF      Estimate         Error   Parameter=0    Prob > |T|

INTERCEP   1     -9.916763    1.35441340        -7.322        0.0001

VERBAL     1      0.166810    0.02124474         7.852        0.0001

MATH       1      0.137597    0.02673395         5.147        0.0001

VERBALSQ   1     -0.001108    0.00011729        -9.449        0.0001

MATHSQ     1     -0.000843    0.00015942        -5.290        0.0001

VERMATH    1      0.000241    0.00014397         1.675        0.1032

(g) Compare the standard deviation for the first order and second order regression models.  Does the second order model predict the GPA better than the first order model?

Solution: Standard deviation for first order model is 0.40 and standard deviation for the second order model is 0.19.  Thus, the second order model is better in prediction and estimation.

(h) Is the second order model useful in predicting GPA?

Solution:

H0: 1 = 2 = 3 = 4 = 5 = 0

Ha: At least one i (.

Test Statistic is Fc = 100.41 and the reject region at = 0.05 is F > 2.50.  Since we reject the null hypothesis, the model is useful for predicting GPA.

(i) Test whether the interaction term (i.e., 5) is important for prediction of GPA. 

( = 0.05)  

H0: 5 = 0

Ha: 5(

[image: image5.wmf]675

.

1

00014397

.

0

00241

.

0

=

=

c

t


The reject region is t < (2.031 or t > 2.031

Since we cannot reject the null hypothesis, the interaction term is not useful in the prediction model.

(j) Analyze two residual plots for the complete second order model.
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Figure 12.14 Residual Plot of VERBAL for Example 12.10 (j)

verbal




This residual plot looks much better now.  There seems to be no nonrandom pattern.
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Figure 12.15 Residual Plot of MATH for Example 12.10 (j)

MATH




 

This residual plot looks fine as well.
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