Lecture & Examples

Topic 1: Fitting Probabilistic Model with the Least Squares Approach

Sometimes, we are interested to study the relationship among several variables. One of these variables is called dependent variable and the rest of the variables are independent variables. The simplest form of studying the relationship among variables is to study the relationship between one dependent variable and one independent variable.

We can use deterministic model approach to study this relationship, i.e., we assume that there is an exact relationship between the dependent and independent variable. However, we believe that there is always some random error that can not be explained by any deterministic model. This leads to probabilistic model approach to study the relationship among variables.

This chapter will study the simplest probabilistic model, a first-order (straight-line) probabilistic model with one dependent and one independent variable.

y = 0 + 1x +  , where
y = dependent variable
x = independent variable
 = random error component
0 = y-intercept of the straight-line
1 = slope of the straight-line

The process of developing a model, estimating the unknown parameters, and using the model can be viewed as the five-step procedure:

Step 1: Hypothesize the deterministic component of the model

Step 2: Use the sample data to estimate the unknown parameters in the model

Step 3: Specify the probability distribution of the random error term and estimate the standard deviation of this distribution 

Step 4: Statistically evaluate the usefulness of the model 

Step 5: When satisfied that the model is useful, use it for prediction, estimation, and other purpose 

This lecture, we discuss Step 1 and Step 2 with the following two examples.


 Example 11.1:

In a random sample of n = 9 steers, the live weights and dressed weights were recorded. In the following table, we let y denote the dressed weight (in hundreds of pounds) and x denote the corresponding live weight (in hundreds of pounds). Use the sample data to obtain least squares estimates for the model

y = 0 + 1x +  

When we do not have the use of a calculator, the least squares estimates can be computed fairly easily if we construct a summary table, such as that shown in Table 11.1.

PRIVATE
Table 11.1: Sample Data for Example 11.1


Live Weight (x)
Dressed Weight (y)

4.2
2.8

3.8
2.5

4.8
3.1

3.4
2.1

4.5
2.9

4.6
2.8

4.3
2.6

3.7
2.4

3.9
2.5

(a) Suppose we assume that the deterministic component of the probabilistic model is a straight-line. Write down this relationship.

Solution: E(y) = 0 + 1x 

(b) Produce a scattergram to view the relationship between x and y. Do you think the straight-line relationship assumption is reasonable?

Figure 11.1 Scattergram for Example 11.1



Sure, linear relationship is a reasonable assumption.

(c) We know that



Solution:



We can see that the least squares line in Figure 11.2 fits the data well.

Figure 11.2 Scattergram with Least Squares Line




 Example 11.2:

The following data were obtained in a study of sales volume (per district) as a fraction of the number of client contacts per month.

PRIVATE
Sales Volume

($1,000)

y
Average Number of Client

Contacts per Month

x

15
10

26
15

28
17

30
20

32
23

86
46

109
53

95
48

130
59

160
65

(a) Plot the data in a scattergram.



(b) What does the scattergram suggest about the relationship between x and y?

Solution: A positive linear relationship between x and y.



Solution:



(d) Plot the least squares line on your scattergram. Does the line appear to fit the data well? Explain.



Yes, it fits the data well because the least-squares line passes the data and there is not too much deviation between the line and the data.
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