Lecture & Examples

Topic 4: Factorial Experiments

Many experiments involve a study of the effects of two or more factors. This type of experiment is a Factorial Experiment. A factorial experiment is "complete factorial experiment" if all possible ab factor-level combinations are utilized in the experiment, where a and b are the number of levels of factor A and factor B, respectively. We only consider two factors a complete factorial experiment in this lecture.

The effect of a factor is defined to be the change in response produced by a change in the level of the factor. For example, consider the data in Table 10.1. The main effect of factor A could be thought of as the difference between the average response at the first level of A and the average response at the second level of A.
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Table 10.1: A Factorial Experiment




 
 
Factor B


 
 
B1
B2

Factor A
A1
25
35

 
A2
45
57

Thus, the main effect of A is:

A = [(45 + 57)/2]  [(25 + 35)/2] = 21

This means, increasing factor A from level 1 to level 2 causes an average response increase of 21 units. Similarly, the main effect of B is:

B = [(35 + 57)/2]  [(25 + 45)/2] = 11

If the factors appear at more than two levels, the above definition must be modified. We will not discuss that in this lecture. Interested students can take STA5205 to get more information.

In some experiments, we may find that the difference in response between the levels of one factor is not the same at all levels of the other factors. When this occurs, we say there is an interaction between the factors. For example, consider the data in Table 10.2. 
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Table 10.2: 




 
 
Factor B


 
 
B1
B2

Factor A
A1
25
45

 
A2
55
17

At the first level of factor B the A effect is

A = 55  25 = 30

And at the second level of factor B the A effect is

A = 17  45 =  28

Since the effect of factor A depends on the level chosen for factor B, we see that factor A and factor B interact. The idea of interaction can be illustrated with Figure 10.1 and Figure 10.2, respectively.

Figure 10.1 A Factorial Experiment without Interaction


Figure 10.2 A Factorial Experiment with Interaction



The simplest type of factorial experiment involves only two factors. There are a levels of factor A and b levels of factor B, and there are ab factor-level combinations. Since the number of treatments in the experiment equals the total number of factor-level combinations, we call this type of factorial experiment a complete factorial experiment.

Since the analysis of data comes from a factorial experiment, it is more complicated than one-factor at a time type of experiment. We only use several examples to show you how to analyze the data from a factorial experiment.


 Example 10.9:
The factors that influence the breaking strength of synthetic fiber are being studied. Four machines and three operators are chosen at random and a factorial experiment is run using fiber from the same production batch. The results are as follows.
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Machine




Operator
1
2
3
4







1
109
110
108
110

 
110
115
109
108

 
 
 
 
 

2
110
110
111
114

 
112
111
109
112

 
 
 
 
 

3
116
112
114
120

 
114
115
119
117

(a) Produce a plot for the mean response of this factorial experiment.



(b) Can you see any potential interaction among operator factor and machine factor?

Solution: The mean response lines for operator 1 and operator 2 are not parallel to each other. This suggests the existence of interaction between operator 1 and operator 2.

However, the lines for operator 2 and operator 3 are roughly parallel to each other. This means there is not any evidence to say that operator 2 and operator 3 interact.

Thus, the overall interaction effect among operator and machine might not be significant if we consider three operators together. However, we shall include interaction term in our ANOVA table.

(c) Produce an ANOVA table.

General Linear Models Procedure

Dependent Variable: RESP

                          Sum of       Mean

Source            DF     Squares     Square  F Value    Pr > F

OPERATOR           2   160.33333   80.16667    21.14    .00012

MACHINE            3    12.45833    4.15278     1.10    .38875

OPERATOR*MACHINE   6    44.66667    7.44444     1.96    .15068

Error             12    45.50000    3.79167

Corrected Total   23   262.95833

(d) Test the interaction among operator and machine at  = 0.01.

Solution:

H0: There is no interaction among operator and machine
Ha: Not so

Test Statistic: Fc = 1.96
p-value: p-value = 0.15
Rejection Region: F6, 12 > 4.82

Thus, we fail to reject H0. This means that the overall interaction effect among operator and machine does not exist.

(e) Is there any main effect of operator?

Solution:

H0: There is no main effect of operator 
Ha: Not so

Test Statistic: Fc = 21.14
p-value: p-value = 0.00012
Rejection Region: F2, 12 > 6.93

We reject H0 at  = 0.01. Thus, the main effect of operator exists.

(f) Can you say the main effect of machine exists also?

Solution:

H0: There is no main effect of machine
Ha: Not so

Test Statistic: F = 1.10
p-value: p-value = 0.38875
Rejection Region: F3, 12 > 5.95

We can not reject H0. Thus, there is no main effect of machine.

(g) What is the overall conclusion?

Solution: The breaking strength of synthetic fiber depends on operator. Different operators will produce different strength fiber. Three machines work adequately in producing synthetic fiber with homogeneous breaking strength. The interaction between machine and operator does not exist. However, Figure 10.3 suggests operator 1 produces lowest breaking strength fiber on almost all four machines.


 Example 10.10:

The yield of a chemical process is being studied. The two most important variables are thought to be the pressure and the temperature. Three levels of each factor are selected, and a factorial experiment with two replicates performed. The yield data follow.
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Pressure



Temperature
200
215
230






Low
90.4
90.7
90.2

 
90.2
90.6
90.4

 
 
 
 

Medium
90.1
90.5
89.9

 
90.3
90.6
90.1

 
 
 
 

High
90.5
90.8
90.4

 
90.7
90.9
90.1

(a) Complete the following ANOVA table.

General Linear Models Procedure

Dependent Variable: RESP
                             Sum of      Mean

Source             DF       Squares    Square  F Value    Pr > F

TEMP               (1)    0.3011111      (6)     (10)     .00854

PRESURE            (2)    0.7677778      (7)     (11)     .00037

TEMP*PRESURE       (3)    0.0688889      (8)     (12)     .47001
Error              (4)         (5a)      (9)

Corrected Total    (5)    1.2977778
Solution:

(1) = a  1 = 2
(2) = b  1 = 2
(3) = (a  1)(b  1) = 4
(4) = n  ab = 18  9 = 9
(5) = n  1 = 18  1 = 17
(5a) = SSE = SS(Total)  SS(A)  SS(B)  SS(A*B)

       = 1.298  0.301  0.768  0.069 = 0.160
(6) = SS(A)/(a  1) = 0.301/2 = 0.151
(7) = SS(B)/(b  1) = 0.768/2 = 0.384
(8) = SS(A*B)/(a  1)(b  1) = 0.069/4 = 0.017
(9) = SSE/(n  ab) = 0.160/9 = 0.018
(10) = FA = MS(A)/MSE = 0.151/0.018 = 8.39
(11) = FB = MS(B)/MSE = 0.384/0.018 = 21.33
(12) = FA*B = MS(A*B)/MSE = 0.017/0.018 = 0.94

(b) Produce the interaction plot.



(c) Does the interaction plot suggest the existence of interaction among temperature and pressure?

Solution: The plot (Figure 10.4) suggests that interaction does not exist.

(d) Does the main effect of temperature exist at  = 0.01?

Solution:

H0: There is no main effect of temperature 
Ha: Not so

Test Statistic: FA = 8.39
p-value: p-value = 0.00854 < 0.01
Rejection Region: FA > F0.01,2,9 = 8.02

We can reject H0 and conclude there is evidence to indicate that the main effect of temperature exists at  = 0.01.

(e) Does the main effect of pressure exist at  = 0.01?

Solution:

H0: There is no main effect of pressure 
Ha: Not so

Test Statistic: FB = 21.33
p-value: p-value = 0.00037 < 0.01
Rejection Region: FB > F0.01,2,9 = 8.02

We can reject H0 and conclude there is evidence to indicate that the main effect of pressure exists at  = 0.01.

(f) What is your overall conclusion?

Solution: Both pressure and temperature are important factors in this chemical process. However, the interaction effect between pressure and temperature does not exist.
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