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Abstract
For very large numbers of hypotheses, using ttditimaal family-wise error rate (FWER) can resultvery low power for testing
single hypotheses. Benjamini and Hochberg (19%6pgsed a powerful multiple step procedure whichtrmds FDR, the “False
Discovery Rate”. The procedure can result in gdarumber of false positives. Van der Laan, Dudod Pollard (2004) proposed
controlling a generalized family-wise error rat&WER (also called gFWER(K)), defined as the prolitshnf at least (k+1) Type |
errors (k=0 for the usual FWER). Lehmann and R@m@005) suggested new and simple methods of dbngr&-FWER and the
proportion of false positives (PFP) (also calleds&aDiscovery Proportion FDP). Somerville and Hestmann (2008) proposed
controlling k-FWER by limiting the number of stejpsstep-up or step-down procedures. In this papeprocedure is applied to the
Benjamini-Hochberg FDR procedure. Formulas aresliyped and Fortran 95 programs have been writtable$ are presented
giving the maximum number of steps in the Benjarriothberg procedure which will assure that

PlU<K]>1-a
for various values of k anal, where U is the number of false positives.

Key words: false positives, controlling, Benjamini-Hochberggedure, tables

1. INTRODUCTION
In multiple hypotheses testing, it is challengingatiequately control the rejection of true hypotiseshile
still maintaining reasonable power to reject fdigpotheses. A standard procedure has been tootdimer
family-wise error rate (FWER). The family-wise @rrate is defined as the probability of rejectaideast
one true hypothesis.

For very large numbers of hypotheses, using FWER result in very low power for testing single
hypotheses. Recently, powerful multiple step FD®Rcpdures have been proposed which control the
“False Discovery Rate”. The false discovery radahe expected proportion of the rejected hypothese
which are true (defined to be zero when no hymmhdave been rejected).

The first FDR procedure was proposed by Benjamm Blochberg (1995). Although FDR procedures
control the expected proportion of Type | erroesge numbers of false positives can result. Récean
der Laan, Dudoit and Pollard (2004) proposed cdiimigpa generalized family-wise error rate k-FWER
(also called gFWER(K)), defined as the probabitifyat least (k+1) Type | errors (k=0 for the usual
FWER).

Lehmann and Romano (2005) suggested new methamntblling gFWER(K) (called by them k-FWER)
and PFP (called by them FDP - False Discovery Rtapy). Both single-step and step-down procedures
were derived which control the k-FWER. The progedumake no assumptions concerning the
dependence structure or the p-values of the indalitests. The step-down procedure is simple tdyapp
and cannot be improved without violation of contoblthe k-FWER. Lehmann and Romano (2005) also
proposed two methods for controlling the PFP (Priopo of False Positives). The first holds underiltin
conditions on the dependence structure of p-valudsle the second requires no dependence assuraption
They make no assumptions concerning the p-valudseahdividual tests.

Somerville and Hemmelmann (2008) proposed comi@lk-FWER by limiting the number of steps in
step-up or step-down procedures. In this papeptbeedure is applied to the Benjamini-Hochberg FDR
procedure. Formulas are developed and tablesrasemed.

2. STEP-UP AND STEP-DOWN PROCEDURES

Let t, B, ... , f, be test statistics corresponding to the null higpsés K H,, ... , H,. Denote by Tthe
random variable associated with Let T3y < Ty < ... <T(m be the ordered values for the test statistics and
denote the corresponding hypotheses Ry H), ... , Hm). Let d be constants such that<dd, < ... <d,.

Step-down test procedures may be described asvlldf T, > dm, reject Hy) and continue for i=m-1,
m-2, ..., comparing (f with d, and rejecting i if T > d;, continuing until for the first time J < d. If
T < dn, reject no hypotheses. Ify™ d, for all values of i, reject all the hypotheses.

For step-up proceduregTis compared with;dbeginning with i = 1, continuing for i = 2, 3, until, for



the first time, ) > d. Hg, Hiay, ... , Hm) are then rejected. Ifgf < d, for all values of i, reject no
hypotheses.

The procedures may also be formulated in termswa@flpes and corresponding critical p-values.

3. REDUCED STEP PROCEDURES

An s-step, step-down procedure may be definedlmsv® Compare ) with d fori =m, m-1, ... , m-s+1
until for the first time T < d, in which case reject i, ... , Hi:y. [If the first time occurs for i = m-s+1,
then also reject all hypotheses for whigheThy.s+1. If T(m) < dy, reject no hypotheses.

For the s-step, step-up procedure, compayenvith d, for i = m-s+1, m-s+2, ... , m until for the firéine
T > d, in which case reject(y] Hgsy, ... » Hm)- If Tim-s+1)> Oms+1, reject all hypotheses for which
Ti > dmnser If Tims+1) < Gneses, r€jECE NO hypotheses.

An s step procedure is equivalent to an m stepguha® where the m-s smallest critical values grtaced
with the value gs.:. Thus, only the largest s critical values are usdtie comparisons. The critical value
dms+1 is the Minimum Critical Value (MCV). The concept ah MCV was introduced by Somerville
(2004).

4. CONTROLLING k-FWER USING THE BENJAMINI-HOCHBERBROCEDURE
Assume the m random variablesare independent and identically distributed. ThH®ndefinition of the
BH procedure,

Pld < T, < d.] = e=g/m

P[Ti>dy] =€

P[Ti<d]=1-g=1-me
where q (=0) is the False Discovery Rate.
The following are also true:

P[T > d] = (m-j+1)e

P[T <d] = 1-(m-j+1)e .

P[T, > MCV] = se.

Our object is to find the maximum number of stepssing the BH procedure, for which
PlU<K]>1-y given k andy
where U is the random variable corresponding tantimaber of false discoveries.

Suppose HH,, ..., H are the f false hypotheses with the means of ¢heesponding random variableg T
equal topy, Wy, --. ,Hs- Assume further that the random variablebave a distribution such that
PTi>a|=pn]=P[Ti>(a+d) | = (U +9d)] wherey, a andd are arbitrary constants.

Then, by theorem 6.1 of Somerville and Hemmelma&@08), P[U_<k] is minimized when the means of
the random variables corresponding to the fals@thgses increase without limit.

Assuming the least favorable locations of the meafnthe random variables corresponding to the false
hypotheses, the false hypotheses will be rejectddprobability 1. Then A;, the probability that exactly i
true hypotheses will be rejected, in addition ® tialse hypotheses is given by

Awi = P[Ty < d, oo Timeteiy < Oty Tmeteien) > Ometeiea] -
Let s be the number of steps. Define j as follows:

S = f+i+j, or s-j = f+i.
Then MCV = qi(]_sﬂ: dn_f_i_j+1.

|f] < 0, MCV >dy.41, and
Ay = P[T(l) <MQCV, ..., _-lzm_f_i) < MCV; T(m-s+12 MCV]
= R(m-f;i,0) (1-s€)™ (se), where
R(A; a, &) = R(A; &, &, &) is the number of partitions of A objects intogrdistinct categories
containing a &, & respectively in the three categories.
Ifj>1,



]] Af+i = F>[T(l) < MCV: L] -lzm-s+l)< MCV: T(m-s+2)< dn—s+2; ey T(m-s+j) < dn-s+j; T(m-s+j+13 dm—
S+H+
DJefine three categories for the m test statistics:

Category 1: T<MCV

Category 2: MCV <T; < Op.s4j

Category 3: fssjr1 < Ti.
Note that: category 1 consists of m-s+1 intervhledks) (eo, 0y), ..., [Ons, On-s+1); Category 2 consists of
the next j-1 intervals (blocks) fd+1 ,0ns+2 , .., [Onss1 Omes+); @nd category 3 as consists of the last s-j
intervals (blocks) [@-s+j+1, On-s+j+2, .- [On, ). Note that there are no test statistics iRsl§l dn-s+j+1)-

Using the formula for A;, and the BH procedure, for exactly i true hypo#ise® be rejected, at least i test
statistics must be in each of the first i consesuintervals for all i_<m-s+j, with exactly m-s+j test
statistics in the first m-s+j (category 1 plus gae 2). The number of test statistics in categbnyill
range from m-s+1 to m-s+j and the number in categowill range from j-1 to 0.

If the number of test statistics in category 1 is+h then there will be j-t in category 2 and thenber of
partitions of the m-f or (m-s+i+j) true hypotheset® the three categories is R(m-f; m-s+t, j-t, i).

Let C(j,t) be the number of ways for which the regunents of the BH procedure can be met for a tpamti

for which there are exactly m-s+t test statisticsategory 1, (j-t in category 2) and i in categ8ryThen
A = 3z 110] R(M-S+i+j; m-s+t, j-t, i)*C(j,t) * (1-s€)°" * &' * (s ) * €,

or Avi =T 10 R(M-Fy mfisjt, jot, )*(1-se)™ ™" *C(j t) * e * (s-))' * €,

Let a, ... , abe t test statistics in category land,a.. , g be j-t test statistics in category 2. Leb,(€y,.

s+1) in category 1 be the first block and lef.fds, On-s+2), [dnsia Gnestd oo s [On-sejn Omese) D€ the next j-1
blocks. Then, obtaining the value of C(j,t) is ralent to finding the number of partitions of thetest
statistics into the last j-1 blocks such that thenber of elements in the first i blocks is at ldast/sing the
theorem in the appendix, C(j,k) = k4.

5. FINDING THE MAXIMUM NUMBER OF STEPS FOR THE COMROL OF P[U_<k]

Applying the theorem of Somerville and Hemmelma2@08), P[U_<k] = Zizg 1o kAt iS minimized when
the means of all of the test statistics correspundo the false hypotheses increase without limi.
Fortran95 program BHstep has been written whichigfithe largest numbers of steps s for the BH
procedure such that P[Ulg >y for arbitrary values of m, g, U aiyd The program starts with s=1, finding
the value of f, the number of false hypotheseswhich P[U <k] is smallest. It then increments s until
P[U <K] no longer equals or exceeglsThe Fortran program will be submitted for puétion.

6. SOME USEFUL TABLES AND GRAPHS
Figures 6.1, 6.2 and 6.3 show the maximum numbstegs that result in P[U ] greater than of equal to
.90, .95 and .99 respectively when q = .05 forowsivalues of m ranging from 50 to’10



Maximum Number of Steps
so that
P[U.le.k] .ge. .90

k

T T T T T T T T T T
1 78 156 234 312 390 468 546 624 702 780

25000 Variable
m=90
100
20000 iggo
5000
10000
-% - 10000000
= -
¢ 10000- PPt ey
-~ H.,/"'r
~ -
=
../‘(,-"
5000 T
==
%ﬁ
0 -
T T T T T T T T T
134 201 268 335 402 469 536 603 670
k
Figure 6.1
Maximum Number of Steps
so that
P[U.le.k] .ge. .95
25000 Variable
| m=50
| 100
200001 | / =
| s 5000
15000 i 7 g o
T . 50000
4 | P L 100000
E | PR 10000000
100001 |, !/J,-r",/
5000 ! 7 =
i L
J!// =
0 -

Figure 6.2




STEPS

Maximum Number of Steps
so that
P[U.le.k] .ge. .99

25000+

20000

15000

10000

5000

Variable
m=50
100

500

1000
5000
10000
50000
10000000

T T T T T T T T T T
1 70 140 210 280 350 420 490 560 630 700

k

Figure 6.3




It may be observed that for k sufficiently largeerte appears to be no restriction on the numbstegis s
for which P[U <Kk] exceeds a given confidence level. Table 6vegithe smallest value of k for which
there is a restriction on the number of steps shahP[U _<k] is greater than or equal to .90, .95 and .99,
for various values of m ranging from 50 to 50,066-(.05).

CONF| DENCE
.90 .95 .99
m Kk s Kk s Kk s
50 1 ( 14) 1 ( 8) 2 ( 10)
100 2 ( 30) 2 ( 19) 4 ( 40)
500 9 ( 204 10 ( 198) 12 ( 191)
1000 17 (  468) 18 ( 411) 21 ( 422)
5000 74 ( 2422) 77 ( 2381) 83 ( 2389)
10000 142 ( 4746) 146 ( 4662) 155 ( 4887)
50000 673 (24551) 683 (24970) 701 (25050)
Table 6.1

Largest value of k such that the number of stdpgtse B-H procedure is limited by the number efpst
for P[U < k] > CONF the B-H procedure when q = .05. Also, (ingp#heses), maximum number of steps
for which the inequality holds.

Table 6.2 gives the maximum number of steps suahRfU <k] > .90, .95 and .99 for various values of m
ranging from 1 to 10,000,000.

kK\m 50 100 500 1000 10, 000 10, 000, 000
1 14(8)3 11(7) 3 10(7) 2 10(7) 2 10(7) 2 10(7) 2
2 50(50)10  30(19)9 22(16) 8 22(16) 8 22(16) 8 22(15)8
3 50(50)50 100(100)19  37(28)16 36(28) 16 35(27) 16 34(27) 16
4 100(100)40  54(42)26 51(40) 26 48(39) 25 48(39) 25
5 100(100) 100  72(58) 38 67(55) 36 63(52) 35 63(52) 35
6 94(76) 51 84(70) 48 78( 66) 46 77(65) 46
7 120(97) 66 103(86) 61 93(80) 58 93(79) 58
8 153(121)82  122(103)75 109( 94) 70 108(93) 70
9 204(152)101  143(122)90 125(109) 83 124(108) 82
10 500(198) 124  166(142) 105 142(126) 96 140(123) 95
15 500(500) 500  321(269) 201 227(204) 166 222(200) 163
16 373(305) 225 245(221) 180 239(216) 177
17 468(349) 252 262(237) 195 256(232) 192
18 1000( 411) 282 280( 254) 211 273(248) 206
19 1000( 1000) 317 298(272) 226 290( 265) 221
20 1000( 1000) 360 317(289) 241 307(281) 236
30 506(469) 406 482(448) 390
40 708(662) 583 660(621) 551
50 922(868) 773 841(797(717
60 1150( 1087) 976 1024( 975) 886
70 1393(1320) 1192  1208(1154) 1057
80 1655(1570) 1423  1394(1335) 1231
90 1939(1841) 1671  1599( 1335) 1231
100 2253(2138) 1941  1767(1701) 1582
500 10000( 10000) 10000 9459( 9303) 9015

Maximum Number of Steps Such That P[W]< .90 (.95) .99 (g = .05)

Table 6.2



7. SUMMARY AND CONCLUSIONS

The procedure of Somerville and Hemmelmann (2088 pplied to the Benjamini-Hochberg procedure.
Tables and graphs are presented which give thenmatinumber of steps which can be used so that the
number of false positives is less than a prescnitedber with confidence levels of .90, .95 and .99.

It may be noted that reduced step procedures amglesiand easy to apply. The number of steps may be
arbitrarily set, or can be determined either byisgtan MCV, or setting a maximum p-value for rejec
of an hypothesis.

While large values for s increase power, simultaseiocreases in the FDR occur. Simulation stubies
Somerville (2004) suggested that using larger \safoe s than the actual number of false hypothéses
counterproductive, since the increase in poweany, is “negligible”. In addition, increasing sieases
the probability that hypotheses with larger p-valuéll be rejected. Although knowledge of the nmbf
false hypotheses is usually limited, strict limiat of the number of steps (using reduced stepguioes)
seems prudent.
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APPENDIX
Theorem:
Given j blocks, j elements, with k >0 elementshia first block, the number of partitions of the egning
j-k elements into the remaining j-1 blocks, sucét tihe number of elements in the first i blockatiteast i,
is C(j,k) = k[
Proof (incomplete):
Let v be the number of element in the second blanH, let b(v,u,j) be the number of partitions forem u,
v, and j where u = j-k. Then, using an odometiee ltounting process, and Bernouilli polynomialg th
following table was obtained for 0 <vwk<4, and j > 1.

v u=1 u=2 u=3 u=4

1 1 2(j-2) 3(j-1)(i-3) 4(j-1)%j-4)
2 1 3(i-2) 6(j-1)(i-3)
3 1 4(j-2)

4 1

If CY, is the number of combinations of u, taken v atreetithen, for the elements in the table,
b(v,u,j)=CY% (-1)""(|+v-u-1).

Assume, for the moment, that the formula for b(\) is valid for all 0 < v_<u.

Let w be the number of consecutive blocks, (< k-1, or 0_<w < j-u-1), beginning with block 2,

containing no elements. If w=0, the number ofiparts is

Zy=10) b(V, U, j) = b(:, u |j) (say) v_<u.
If w = 1, the number of additionglartitions is given by
=14 b(v, u,j-1) = b(-,u,j-1) v<u.

In general, w cannot be greater than k-1, and we ha
C(J rk) = Z(W =0,j-u-1) b(.ru vj _W) .
= Z(W =0,j-u-1) Z(V=1,u) Cu\, (j-W-l)u_l_l(j -W+V-U-1).

A Fortran95 program to calculate C(j,k) has beeittevr, assuming the formula for b(v, u, j) holds &l O
<v<u, and a number of calculations were made. Tleeledions in all cases (including u=j-k=1, 2, 3,
and 4) gave

C(,K) =Zw =001 D(,U j-W) =k ¥4, or (-u)f™.

The problem has also been investigated by Steirsgiam (2007), who observed that proof of the above
theorem is equivalent to proof of the identity

k= C%n' =5 (n-i) C™
Using standard MAPLE summation tools, he foundideatity to be true.

It is worth mentioning that the formula for,Ain section5., was used for m=5 and m=20, to calculate the
value of A, for g=.05, and for all possible values of s, f andrhe Fortran95 program FDRpwr.F95 was
also used to calculateiAfor the same parameter values. In all casesdloeilated values were the same,
rounded to 3 decimal places. The program FDRpws iMonte Carlo simulation. The program can be
used to obtain, in addition tof three kinds of power, probabilities and cumulatprobabilities of
rejections of at most k true hypotheses and cuiwelgprobabilities of rejection of at least k hypeses
(arbitrary k).



