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Abstract

In multiple hypotheses testing, it is importanctmtrol the probability of rejecting “true” null pptheses.
A standard procedure has been to control the fawige error rate (FWER), the probability of rejectiat
least one true null hypothesis.

For large numbers of hypotheses, using FWER cauitriesvery low power for testing single hypotheses
Recently, powerful multiple step FDR proceduresehbgen proposed which control the “False Discovery
Rate” (expected proportion of Type | errors). Maeeently van der Laan, Dudoit and Pollard (2004)
proposed controlling a generalized family-wise enade k-FWER (also called gFWER(K)), defined as th
probability of at least (k+1) Type | errors (k=0 the usual FWER).

Lehmann and Romano (2005) suggested both a sitepe-@nd a step-down procedure for controlling the
generalized family-wise error rate. They make ssumptions concerning the p-values of the individua
tests. The step-down procedure is simple to aplg, cannot be improved without violation of cohtsb
the k-FWER.

In this paper, by limiting the number of steps tapsdown or step-up procedures, new procedures are
developed to control k-FWER (and the proportiorfad$e positives). Using data from the literatute
procedures are compared with those of Romano ahdnaen (2005), and, under the assumption of a
multivariate normal distribution of the test sthtis, show considerable improvement in the reductd

the number and proportion of false positives.

Keywords: multiple testing, generalized family-wise erroterastep-up and step-down procedures, reduced
step procedures, false discovery rate, proportfdalse positives.

1. Introduction

In multiple testing, the problem is to test a setfamily of hypotheses f1H,, ... , H,. Let t be the test
statistic corresponding to;HIn stepwise testing, the t's are compared wiiticel constants g<d<...<

dn, and tested sequentially, one at a time, eitt@péhg or continuing to the next step dependmghm
result observed. Testing may be step-up or steynddtepwise testing has been in use for a lang,tfor

example, the Newman-Keuls test and Duncan’s (18adjiple range test.

In a series of papers, Dunnett and Tamhane (19992,11995) developed stepwise multiple testing
methods (both step-up and step-down) that are pppte when normal distribution theory applies. eTh
critical constants were calculated so that the ligmise error rate FWER was controlled at a lewel

When m, the number of hypotheses is very largeh siscin micro-array analyses, using FWER can result
in very low power for an individual test. Benjatnand Hochberg (1995) proposed controlling FDR, the
“False Discovery Rate”, instead of the FWER. Thisd discovery rate is defined to be the expecidueyv

of the proportion of rejected hypotheses whichaateally true, with the false discovery rate defirte be
zero when no hypotheses are rejected. They prdpassep-up FDR procedure, valid for independent
statistics. Benjamini and Liu (1999) presentedtep-slown FDR procedure valid under the same
conditions. Sarkar (2002) showed that both promsiwere valid under positive dependency. Troendle
(2000) developed both step-up and step-down FDReglires which asymptotically control the FDR when
the test statistics have a multivariate-t distiitbut Somerville (2004c¢), assuming a multivariate-t
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distribution and common correlation of the testist@s used least favorable configurations to tgve
step-down and step-up FDR procedures. Somervileép-down procedure yielded the same critical
values as Troendle, except that instead of setiggptive values to zero, Somerville used a Minimum
Critical Value (MCV). Both possess asymptotic FDéhtrol. Extensive calculations strongly supported
the assumed locations of the least favorable cordigpns. However a proof was not realized. TB&RF
procedures of Troendle and Somerville have beemvishoy Horn and Dunnett (2003) and Somerville
(2004c) to have superior power, under the assumptimt the test statistics have a multivariate-t
distribution.

Van der Laan, Dudoit and Pollard (2004) proposedgbneralized family-wise error rate gFWER(K)islt
defined as the probability of at least (k+1) Typerfors (k=0 for the usual FWER), i.e. P[Lkk>1 - a
where U is the number of true hypotheses whichrgjected. Augmentation procedures proposed by van
der Laan, Dudoit and Pollard (2004) and Dudoit, d&n Laan and Birkner (2004) can then be used to
control PFP (proportion of false positives), whBfeFP_<y] > 1 —a for some pre-specified

More recently Lehmann and Romano (2005) suggesteadmethods of controlling gFWER(K) (called by
them k-FWER) and PFP (called by them FDP - Falss®iery Proportion). Both single-step and step-
down procedures were derived which control the kBRV The procedures make no assumptions
concerning the dependence structure or the p-vafiése individual tests. The step-down procedare
simple to apply, and cannot be improved withoutlation of control of the k-FWER. Lehmann and
Romano (2005) also proposed two methods for cdimgothe PFP. The first holds under “mild conditso

on the dependence structure of p-values” whilesdemnd requires no dependence assumptions.

Somerville (2004c) noticed that by limiting the nlen of steps in his procedures, the FDR could be
reduced with a small subsequent loss of power.this paper we use the methodology of Somerville

(2004c), and by limiting the maximum number of stép step-down and step-up procedures, develop new
procedures to control k-FWER. Using the data abBet al (2000) and the data of Hedenfalk et @03

in the New England Medical Journal, the methods ammpared with those of Lehmann and Romano

(2005). Under the assumption for the test stafistoutlined in Theorem 6.1 of section 6, using the

methodology developed here, considerable improvéimethe reduction of false positives, and in cohtr

of PFP, was accomplished.

The procedures developed in this paper can beeahieginning with an arbitrary set of critical stants

d; <d, < ... <d, (The constants need not be related to any stemar step-up procedure, and if they
are, the procedure need not have satisfied eithdfXR or FWER requirement). Using these arbitrary
critical constants, d< d, < ... < d,, and the values of the user’s test statisticsuasesl to possess a
multivariate-t distribution with a common corretativalue) the Fortran 95 program FDRPWR can be used
to determine the maximum number of steps in a dtepA or step-up procedure, for which P[lLkk> 1 -

a. The values k and may be selected by the user.

We develop and illustrate the procedures usingctiitcal constants of Somerville (2004c). Special
approximation formulas are developed for the cakera the critical constants are those of Somerville
(2004c).

2. Step-down and Step-up Procedures

Step-down test procedures may be described aswhllo Let §, t,, ... , t, be the test statistics
corresponding to the null hypothesesg H,, ... ,H,. Denote by Tthe random variable associated wijth t
Let Ty < Ty ... <Tm be the ordered values for the test statisticsdemsbte the corresponding hypotheses
Ha, Hey oo \Hm) If Ty > dn, reject Hyy and continue for i = m-1, m-2, ..., comparing, With d,
rejecting K if T > d; and continuing until for the first timegl< d. If Tm) < dy, reject no hypotheses. If
T > d, for all values of i, reject all the hypothesedhe values d< d, < ... <d, are constants (called
critical values).

For step-up procedures;Tis compared with dbeginning with i = 1, continuing for i = 2, 3, until, for
the first time, T > d. Hg, Hgsyy, ..., Hm) are then rejected.



The procedures may also be formulated in termswaflpes and corresponding critical p-values.

3. Least favorable configurationsfor the FDR step-down and step-up procedur es of Somerville
(2004c)

Although the formulas for calculating the criticalues for the step-down procedures of Troend@0@2
and Somerville (2004c) are the same, the formuasdlculating the critical values for the step-tiow
procedure of Somerville were derived using m agsliteast favorable configurations (LFCs) of the
expected means of the test statistics. LFE 1, 2, ... ,m) were defined to be the configimatof the
vector of the m expected values of the test siedisthere i of the expected values are zero and the
remainder increase without limit. A rigorous pradthe least favorable configuration, althouglosgly
supported by Monte Carlo results, and calculatibas, not been achieved.

It should be noted that using an MCV results in edanger critical values than when an MCV is natdis
(those which were less than MCV are now set equilI€V), but, except for g results in a slight
decrease for the remainder of the critical valuElse value of g, remains unchanged.

4, Calculation of thecritical values

The critical values are calculated sequentiallyfid to d,. d; is calculated as the smallest value such that
FDR <a under the configuration LRC d is calculated as the smallest value such that ERgiven the
values g, ... ,d.;, and the configuration LE@nd subject to;d d, < ... <d. The calculation procedure is
described in Somerville (2004c). Somerville (2063 developed the Fortran 95 program SEQ to
calculate the critical values for his step-down atep-up procedures.

5. Reduced Step Procedures

An s step step-down procedure is defined as fotl@esnpare §, with d for i=m, m-1, ... m-s+1 until for
the first time T < d, in which case reject, ..., Hj:1). If Tmy < dn, reject no hypotheses. Ifi = m-s+1,
reject all hypotheses for which; ¥ d,.

For the s step, step-up procedure, begin with dmeparison of .1y With dm.sez. If Tms+1)> Omeses, r€jECt
all hypotheses Hor which T; > dy.s.,and otherwise compargqls.z) With dn.sia ... , until for the first time
T(i) > di. H(i), H(i+1): ey H(m) are then rejeCted.

An s step procedure is equivalent to an m stepgoha®e where the m-s smallest critical values gptaced
with the value g+ Thus, only the largest s critical values aredusghe comparisons. The critical value
Om-s+11S the Minimum Critical Value (MCV). The concegtan MCV was introduced by Somerville
(2004c).

Figure 5.1 illustrates the effect of step reductiva step-down procedure to control k-FWER.
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6. Controlling the Number of False Discoveries

Given an FDR procedure, reducing the number ofssteduces the power (reduces rejection probabkilitie
while at the same time reduces the number of filsgoveries. We use the tables of Somerville (2006
and the Fortran program FDRPWR to obtain the maminmumber of steps s, which will guarantee that
Plu<k] > 1 -a for various values of k, np andv. Approximate formulas are obtained for s as afion

of k forv = 15 andw. Additional tables are produced and given in MRPENDIX. Interpolation and
extrapolation may be used for the critical valueghe tables in Somerville (2004a,2004b,2006). hEac
critical value ¢is approximately linear in log(m), and irvl/We begin with the following theorem.

Theorem 6.1Let df < dy < ... <dp, be the critical values corresponding to a stepupstep-down
procedure used to simultaneously test m hypothekesthe random variablej Tassociated with the test
statistic { be absolutely continuous or discrete, have mgaand a distribution such that

P[Ti>a |y =u]=P[T; >(@+0) |y = (1 +9)] where aj andd are arbitrary constants.

Suppose 1, Ty, ... ,T, have meansiy, Hp, ... , Ump O, ... , O, respectively (there are ml false
hypotheses). If u is the number of true hypothedgish are rejected, then, for the 1-sided casd, €K]
is minimized for k0O [0, m-m1], wheryj - oo, fori=1,..., ml.

Proof: Observe that a linear translation gfill not affect its correlation with jT(i # j). Obtain a random
realization of the m random variableg, T, ... , T, by generating a random m-dimensional vector (mean
zero) and adding to it the vectqry( Mo, ... ,Um1, O, ..., 0).

Step-down case:In a step-down testing procedure, exactly r higpsés are rejected if and only if the
following holds: Tmy > Om Tim-1) > Omety -+ 5 Timere1) > Omrsry, Tmey < G fOr O<r<m. (If Ty < iy, r=0, and

if T3 >d foralli, (i=1, ... ,m), r=m.) Suppose exactlyygotheses are rejected. Let (With meany;) be
one of the random variables corresponding to & faygpothesis.



Case i) T corresponds to a rejected hypothesis. Then @, and a larger value ¢f would not change
the rejection status of any hypothesis.

Case i) T does not correspond to a rejected hypothesesn The d.,... An increase i by an amount
dmr - Ti such that T = d. results in at least one additional rejection (ddi@onal false hypotheses).
Increasql by (dn - T)). Then T = d,... Re-label the m-r smallest, and the corresponding hypotheses.
Compare T with d for j = m-r, m-r-1, ... , until for the first timeJ < d. If j then is less than m-r, not
only the false hypothesis (&, will be rejected, but additional hypotheseg.,.H, ... ,Hj1), will be
rejected, some of which may be true hypotheses.

Thus for the step-down case, and any realizatidgheofandom variables corresponding to the tetttts,

an increase in the mean of a random variable quorelng to a false hypothesis may result in an
additional rejection of a true hypotheses, butmaver result in a decrease. We may conclude tnahé
step-down case, Plu K (k =0, 1, ... , m -m1) is minimized when theeam of the random variables
corresponding to the false hypotheses increaséswitimit. QED.

Step-up caseln a step-up testing procedure, exactly r hypséls are rejected if and only if the following
hold: Tay < di, Ty < &y ..., Timer) <Onerr Tmers1) = Omoeq for O<r<m. (If Tyy > dy, all hypotheses are
rejected, and if , < d for all i, no hypotheses are rejected.

The remainder of the proof for the step-up casthéssame as that for the step-down case, if the two
sentences beginning with “Comparg With d for j = “., are replaced with “Comparg;Twith d for j =

1, 2, ..., m-r, until for the first time g >d. If jis less than m-r, not only the false hypegis Hy,., will

be rejected, but additional hypotheseg, H.. ,Hm..1) will be rejected, some of which may be true
hypotheses.”

For the 2-sided case, we may replace the tessttati with the absolute values of and the theorem
follows.

It may be noted that Theorem 6.1 is true whendbedtatistics have the multivariate-t distribution

7. Maximizing Power While Controlling the Number of False Discoveries
It is clear that increasing the number of stepa step-down or step-up procedure increases therpdiie
need to determine the maximum number of steps wdtittlcontrols the number of false discoveries k.

We use the Fortran 95 program FDRPWR. Given aitrarp set of critical values, the program assumes
the test statistics have a multivariate-t distitnutwith an arbitrary common correlation coeffidiefror m,
number of degrees of freedom, number of false hgsdas, common mean delta for the false hypotheses,
the program determines three kinds of power, tlodadvility of rejection of i true (and false) hypetes,

and the probability that k or fewer true (and falegpotheses are rejected. The determinationsnaie
simultaneously for all possible values of i andkhe program uses Monte Carlo, and the user caidalec
which outputs he wishes to examine.

For our use of the program to determine the largastber of steps s to guarantee P[k]< 1 - a, we
make use of the theorem above and use a large faaldelta (assuring with high probability , theéestion
of all false hypotheses). For a fixed number epsts, the values of the smallest m-s critical aslare
replaced with the value,d.; for the program input. For a specified value pfHe program is then used to
determine the number of false hypotheses for whith< k] is smallest. If this smallest probability is
greater than our requirement, we increment s apéateuntil we obtain the largest s which still nseetr
requirements.

In the determination above of the “worst possilkdse? for the number of false hypotheses, it has bee
observed that, except for small values of m (edy, B[u_<k] is a concave upward function of the number
of false hypotheses, and this can be used to rettheceumber of cases examined. For large valuek, fo
small differences in the number of false hypothgeesluce very small differences in P[ukk near its
smallest value.



Section C of Somerville (2006) gives, far= .05, the 200 largest critical values for m = Q0fdr the 1-
and 2-sided cases, for degrees of freetloml5 andv = e, and forp = .0. Section D gives the 300 largest
critical values for m = 10000 for the same caseBRPWR was used to obtain the maximum values of s
such that P[u_«] > .95 for k= 1, 2, ..for the four cases for each of m = 1000 and m 8000 Using
FDRPWR as described above, the maximum value of which the FDR requirement of .05 was met was
determined fork =1, 2, ... .

Plots of the maximum value of s vs. k suggesték Idifference between m = 1000 and m = 10000 and
between the 1- and 2-sided cases. There were leowarge differences between= 15 ando.

Combining the data for the 1- and 2-side casedf@nm = 1000 and m = 10000, quadratic regressidns
the maximum value of s versus k were obtained/ferl5 andv = «. (with R-squared values of .995 and
.998 respectively). Data for the regression cakboihs used only the cases where the “maximum 'steps
was less than 200. The regression equations ase gielow.

v =15: Max Steps = -0.24923 + 3.85682*k - .000428@8 (use for k <33).
v =oc0: Max Steps = -5.0138 +10.1836*k + 0.3642844*k (use for k <19).

Using the above equations, the program FDRPWR fsnaeded to obtain the (approximate) maximum
number of steps whewn = 15 ore, and 1000 <m < 10000. Previous work by Somerville (2004c) has
suggested linear interpolation in log(m) for cati values of the FDR multiple comparison procedared
thus the equations should be appropriate for aarastimagnitude larger m values. For values other
than 15 oro, linear interpolation in ¥/is suggested.

FDRPWR was used in the same manner to develop §aldlend A2 of the Appendix. The tables give the
maximum value of s ( the number of steps in the-dgi@vn FDR procedure) such that P[Lkk> .95.
Table Al, for the 1-sided case, gives the maximaines of s for k <7, common correlation coefficiept

of .0, .1 and .5y = 15 andw, and m values of 50, 100, 250, 500, 1000, 25000%hd 10000. Table A2,
for the 2-sided case, gives the maximum valuefof she same values of i, and m, but only fop of .0,
and .1. The tabled values may be in error by p, stad for large k for more than a step. Howethss,
resulting values of P[u K] should be close to .95.

8. Controlling the Proportion of False Positives (PFP)
Theorem 2 in van der Laan, Dudoit and Pollard (3@ extensions in Dudoit, van der Laan and Birkne
(2004) control PFP, the proportion of false posisiv We augment the set of rejected hypothesesrwith
additional hypotheses where is the maximum value of i such that (k+ijf) < y. The additional
hypotheses should be those corresponding to théesmp-values (or largest test statistic valueljciw
have not already been rejected, and we may théntbat

P[PFP <] > 1-a.

9. Examples

Example 1

Korn et al (2004) used data from Perou et al (2@60)lustrate their Procedures A and B. Procedire
controls u, the number of false discoveries so thhaé Plu_<k] > 1 —a. Procedure B controls the
proportion of false discoveries with confidence mpimately 1 —a. The microarray dataset consisted of
measurements on approximately 9000 genes in pairadr specimens, collected both before and after
chemotherapy on 20 breast cancer patients. Koral, edfter elimination of cases with missing data,
included 8029 genes for analysis. The null hypsithevas that chemotherapy did not affect gene
expression.

Using the Fortran 95 program SEQ, the critical galfior the FDR two-sided step-down procedure were
obtained using m = 8029, = .05, degrees of freedom 1®= .0 and .1, and 51 "unique" critical values.
Table 9.1 gives the critical values usimg .0, and the absolute values of the 38 largastg#&test values.
The number of genes identified is given for numifesteps from 1 to 38. The table shows that a mamim

of 36 genes may be identified using the FDR stepadprocedure of Somerville (2004c), assuming the



test statistics have a multivariate-t distributigith common correlation zero.

Table 9.2 compares the methodology of this papeértlaat of Lehmann and Romano (2005) with respect to
the maximum number of hypotheses rejections whighguarantee that k-FWER «. The number in
parentheses is the maximum number of steps s éopttbcedure of this paper. In the line prefixed*py
FDRWPR was used in the determination of the nurobsteps to be used. In the line prefixed by he t
regression equation was used, with interpolatiedue obtain the critical value between the steps.

From Table 9.2, we see that with 9 steps we catr@4d hypotheses while controlling 2-FWER, antl sti
control FDR. The augmentation procedures van damlLet al (2004) and Dudoit et al (2004) are not
useful in demonstrating that P[PER10] >.95 when we reject 24 hypotheses. The proceduféeorem

3.1 of Lehmann and Romano (2005) allow 17 rejestiavhile Theorem 3.3 allows 3 for P[PER10] >

.95. The first theorem holds “under mild condisoon the dependence structure of p-values” white th
second holds “without any dependence assumptionBtie results of this paper assume that the test
statistics have a multivariate-t distribution witdro correlation.

Although not shown here, a similar analysis, asggnthe test statistics have a common correlatiori of
yielded essentially the same result.

It is worth noting that Procedure A of Korn et 2004) identified 17, 23 and 28 genes, controlling 0
FWER,1-FWER and 2-FWER at level .05. Their proceddentified 28 genes with P[PFP28] > .95
(approximately).

Steps t-values CV's Identified Steps t-values CV’'ddentified
1 7.905 5552 18 20 5.404 4.612 30
2 7.423 5370 20 21 5.140 4594 31
3 7.329 5251 20 22 5.126 4.576 31
4 7.021 5.159 20 23 5.085 4559 31
5 7.021 5.099 22 24 4910 4.543 32
6 6.977 5.028 23 25 4876 4.528 33
7 6.699 4987 23 26 4835 4,513 33
8 6.576 4.934 23 27 4813 4.499 33
9 6.259 4.893 24 28 4778 4.485 33
10 6.215 4.857 25 29 4712 4472 34
11 6.215 4.826 26 30 4625 4.459 34
12 6.139 4.798 27 31 4.605 4.447 34
13 6.139 4.770 28 32 4544 4435 35
14 6.073 4.744 28 33 4542 4423 35
15 5965 4.719 28 34 4481 4412 35
16 5905 4.696 29 35 4439 4.400 35
17 5.868 4.673 29 36 4.393 4.389 36
18 5,581 4.652 29 37 4334 4377 36

19 5451 4.631 29 38 4333 4366 36

Table 9.1

38 Largest t-values and Critical Values and Nundf€senes Identified
Data from Perou et al

k 0 1 2 3 4 5 6 7 8 9 10
L-R 11 17 17 17 19 20 20 20 20 22
*Paper 18(1) 20(4) 24(9) 27(12) 29(17) 31(22) 33(234(29) 35(32) 35(34) 36(39)
**Paper 18(1) 20(3.8) 23(7.7) 27(11.5)29(15.4)13Q) 31(23.1) 33(26.9) 35(30.7) 35(34.6) 36(38.5)
Table 9.2
Maximum Number of Hypotheses Which Can be RejetéZbntrolling k-FWER ¢ = .05)
Comparison of Methods of Lehmann and Romano ansl Faper
Number of Steps (this paper) Used in Parentheses



*  FDRPWR used in determination of maximum numtfesteps
** Regression formula used for determination of fn@mof steps

Example 2

Hedenfalk et al (2001) analysed gene expressianfdain 7 carriers of the BRCA1 mutation and 8 eagi

of the BRCA2 mutation in an hereditary breast cansteidy. The null hypothesis was that gene
expressions were the same for the two mutatioeréTwere 3226 genes that met the criteria fousich

in the analysis.

Transformed data (Ighwas used in our analysis. Means and standaratémns for the 3226 genes were
calculated for the two mutations. Histograms @& #tandard deviations for each of BRCA1 and BRCA2
suggested that it was not unreasonable to assuahé¢hth standard deviations were from populatiorth wi
standard deviations .6123 and .6666 respectiv€lglculations of correlations between the meanghHer
two mutations suggested very little correlationaify. Accordingly z statistics were calculated floe
mean differences for each of the 3226 genes.

The Fortran 95 program SEQ was used to determierttical values for the step-down FDR procedure
using an MCV of 2.757 (exactly 327 "unique" critivzalues), m = 3226y =, a = .05,p = 0, 2-sided.
The value of MCV was chosen so as to produce a euofd'unique” critical values which was at least a
large as the anticipated humber of gene differentiksing this set of critical values, 133 genesever

identified (using 133 steps). Figure 9.1 compéned40 smallest p-values with the correspondinticati
p-values.

Hedenfalk Data vs Critical Values
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Figure 9.1

Figure 9.2 compares the methodology of this papdrthat of Lehmann and Romano (2005) with respect
to the maximum number of hypotheses rejections hwhiitl guarantee the k-FWER &. For k equal to 1
both procedures can reject 32 hypotheses. Howdeerthe Hedenfalk data, for k greater than 1 the
method of this paper can reject considerably moaa that of Lehmann and Romano (2005). The methods
of this paper require the assumption of a multatarit distribution of the test statistics while bednn and

Romano (2005) make no assumptions concerning thendience structure or the p-values of the inditidua
tests.



Table A2 in the Appendix could have been used tainkithe maximum number of steps used for 4, o
obtain the values for u in Figure 9.2.

u - Maximum Number of Rejections
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Table 9.3 gives the maximum number of steps s wtechbe used in the procedure of this paper alhd sti

maintain P[U_<K] > .95, and the corresponding number of gepésrrwhich differences in gene
expression was identified.

The augmentation procedure of van der Laan €2G)4) and Dudoit et al (2004) can be used to fired t
maximum number of rejections r which can be madetmve P[PFP ¥] > 1-a, wherey = .10, anda =
.05. The set of rejected hypothesgsmay be augmented with additional hypotheses, whergis the
maximum value of i such that (k+i)(ri) <y. We may ignore k, and find that 170 hypotheseyg b&a
rejected and we will still have P[PFP.¥0] >.95. To simultaneous control FDR.85 (using the step-
down procedure of Somerville (2004), we can regety 128 hypotheses.
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k
10
11
12
13
14
15
16
17

18
19

Max s
139
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281

To
135
142
150
154
157
159
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138
145
153
156
158
160
165
170

Table Showing Maximum s for P[Uld > .95 and Method for Control of PFP

The two procedures for control of PFP of Lehmanth Bomano show P[PFP.40] >.95, using 32 and 28
hypotheses rejections respectively. The first edoce “holds under mild conditions on the dependenc



structure of p-values”, while the second “holdsheiit any dependence assumptions. The procedure of
this paper assumes the m test statistics posseasti@ariate normal distribution with zero corrétats.
The critical values need not satisfy any FDR rezpint.

10. Further Positive Aspects of Reduced Step Procedures

A discouraging aspect of FDR procedures is thabthgses with very high p-values may be frequently
rejected. The emphasis in this paper has beenotiiteot of the number of false positives by usindueed
step procedures. Reducing the number of stepsdiven step-up or step-down procedure implies an
MCV, and a maximum p-value. Conversely, specifygngnaximum p-value for rejection is equivalent to
specifying an MCV. Such a reduction reduces ttubability of rejecting hypotheses with high p-vaue
Indeed, if s = 1, a reduced step FDR proceduresisgle-step procedure which also controls the FWER

Reduced step procedures are easier to apply, retthgcgrobability of the rejection of high p-value
hypotheses and can be used to control the numifatsef hypotheses. For reduced step FDR procedures
the False Discovery Rate is maintained.

11. Summary and Conclusions

All models being approximations to reality, all ned&lare incorrect. The validity of the usage ofiedel
depends very much of the usefulness of the apptiam in reality. Models which make no assumptions
may be correct, but models which do make assunmptian be very useful in practical situations.

The models in this paper are based on the assumphiat the test statistics have a multivariate-t
distribution. The validity of the use of a modsla function of the ability of the model to giveetid
answers to real problems. The model has been stwgine superior results when the test statigteoge a
multivariate-t distribution. We are of the opinitirat the model will give good results in many castere
the model is merely a rough approximation, esplcialthe many cases where the distribution of et
statistics exhibit positive dependency in some sensSarkar (2002) and Benjamini and Yekutieli (200
discuss a number of such practical cases.

In this paper we show that by limiting the numbérsteps in step-down or step-up procedures, we can
control the number of false discoveries. We mazepower while maintaining control over the numaker
false discoveries. Specifically, we produce forasuland tables in the Appendix, which specify the
maximum number of steps in an FDR procedure torobttie probability of a specified number of false
discoveries with probability .95 when the criti@nstants used are those obtained using the step-do
procedure of Somerville (2004c). We show also ltowse the FDR step-down procedure to control the
proportion of false positives (PFP).

The methods for controlling k-FWER and PFP devetbm this paper are compared in two examples with
those recently developed by Lehmann and Romandb§200

Using the critical values for the Benjamini and Hberg (1995) procedure, the reduced step procexfure
this paper has been used with similar results.ail3edre given in a paper under preparation.

It may be noted that the procedure of this papey tma implemented using the critical constants of
Somerville (2004c) by using the following two steps

i) Determine the critical values (use interpolat@mmextrapolation using the tables in SomervilleQ@), or
use the Fortran program SEQ.

ii) Determine the maximum number of steps to usse (lable Al of the Appendix, use the regression
equations irY. or make use of the Fortran 95 program FDRPWR).
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