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Abstract

The complex spectral degree of coherence of a general random, statistically stationary,
electromagnetic field isintroduced in a manner similar to the way it is defined for a beam-like
field, namely by means of Y oung's interference experiment. Both its modulus and its phase are
measurable. We illustrate the definition by considering a blackbody radiation field. The results

are of particular interest for near-field optics.

OSI C codes: 030.1640 (Coherence), 030.6600 (Satistical Optics), 260.2110 (Electromagnetic

Theory), 260.3160 (Interference).
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1. Introduction.

A quantitative measure of a degree of coherence of a directional (beam-like) field was
introduced on the basis of the scalar theory by Zernike in a classic paper [1] (see aso [2]),
which provided a basis for the development of modern coherence theory. Definition of the
degree of coherence was later refined and generalized in several ways [3]-{7] but the essence
of Zernike's approach was retained; namely, the degree of coherence of an optical field (more
precisely its absolute value) at two points Q; and Q, was taken to be proportiona to the
visibility of fringesin a'Y oung’sinterference experiment, with pinholes at the two points.

In the present paper we consider a general (i.e. not necessarily beam-like) statistically
stationary electromagnetic field and show, with the help of the Rayleigh — Luneberg diffraction
integrals [8], that for such fields it is also possible to take the visibility of fringes as a measure
of coherence. The expression for the degree of coherence of a general three-dimensional
statistically stationary electromagnetic field, which we now introduce, is a natural
generalization of the definition introduced recently for beam-like electromagnetic fields[7].

We illustrate our main result by determining the degree of coherence of radiation
emerging from an opening in a cavity containing a field in thermal equilibrium with the walls
of the cavity, i.e. blackbody radiation. Our results may be expected to be useful for near-field
optics because close to radiating sources and scatterers the optical fields are generally not

beam-like.
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2. The electric cross-spectral density of a random electromagnetic

field propagating into a half-space.

Let us consder a randomly fluctuating electromagnetic field which propagates from a
plane z =0 into the half-space z> 0. We assume that the fluctuations are characterized by a
statistical ensemble which is stationary, at least in the wide sense. The second-order statistical
properties of the electric field may be characterized by the 3x 3cross-spectral density matrix

(cf. [9], Sec. 6.6.1)

4

W(ry,rp, @) =W, (1,15, 0) = <E;(rl,m)Eﬂ(r2,m)>, (a=%Y,Z f=XY,2),

(2.1
where r, and r, are the position vectors of two points in the half-space z>0 and ® denotes
the frequency. The subscripts o, B label Cartesian components with respect to two mutually

orthogonal x, y — axes perpendicular to the z- direction and the angular brackets on the right of
Eq. (2.1) denote the average taken over a statistical ensemble of space-frequency realizations
([9], see Sec. 4.7).

Let us consider atypical member E(r,) of the ensemble. It is known (see references
in [10]) that the X, y — components on the boundary plane z= 0, together with the outgoing
condition at infinity in the half-space z> 0, determine uniquely the electric field throughout
the half — space z> 0. The three Cartesian components of the electric field are given by the

following formulas which appear to have been first derived by Luneberg [8]:
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E.(1,0) =~ [E(p.0) 6, (r.p)d%p, (223
Ey<r,m>:—i jEy<p,m>ez<r,p>d2p, (2.20)
(r.o)= —j (r.p)+E,(p.0)G,(r,p)|d?p, (2.20)

where p isatwo dimensional position vector of apointintheplane z=0 and G,,G,,G, are

the partial derivatives of the outgoing free-space Green’s function

elk\r—r‘\
G(r,r)= (2.3)
r=rf’
e
p) eik\r—r'\
Cylrp)=—| 77— 2.4
«(r.p) ax'{|r—r'| | (2.4)
r'=p
with similar expressionsfor G, and G,,
k=w/c (2.5

denotes the wave number associated with the frequency w, ¢ being the speed of light in
vacuum.

For later purposes we need an expression for the boundary value of the z-component of
theeectric field E,(p) intheplane z= 0. It is given by the expression

Ez(p’m) =lim Ez(p’ Z, O))
z—0

1 iklp'—pl =1 i, (2.6)
= L el 0) ()L L gy
m |p'=p|

The formulas (2.2a) and (2.2b) are vector analogues of a well-known Rayleigh
diffraction integral [11] for the outgoing solution of the Dirichlet’s boundary value problem for

the scalar Helmholtz equation in the half-space z> 0. Moreover, since the boundary values of
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the z-component E, of the electric field on the plane z=0 are also known [given by Eq.
(2.6)] and since E, also satisfies the Helmholtz equation throughout the half-space, z> 0 and

behaves as an outgoing wave in that half-space it can also be calculated from the Rayleigh

diffraction integral.
3. The spectral degree of coherence of the electric field.

We will follow Zernike's precedent of identifying the degree of coherence of the field
at two points Q,(r,) and Q,(r,) as being a measure of the sharpness of interference fringes
which would be formed by allowing the fields from the immediate neighborhood of these
points to superpose. Thus we have to consider the distribution of the average intensity, more
precisely of the averaged eectric energy density in the interference pattern formed in Young's
interference experiment, with pinholes at the points Q, and Q, in an opague screen placed
acrossthefield (see Fig. 1).

Let dA and dA, bethe areas of the two pinholes. As we noted at the end of Section 2,
the Cartesian components of the electric field at apoint P(r) in the Y oung interference pattern

are given by Rayleigh’sformula, i.e.

1
=—- JE(p0)G,(r.p)d%,  (a=xy.2), (3.1)
T
Athy
where integration extends over the two small apertures A, and A,. Assuming that the

E,(r,o)

apertures are sufficiently small, the expression (3.1) may be approximated by the formula
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£, (1,0) =~ [E, (51, 00,0008 +E, (9, 008,28, (a=xy,2).

(3.2
The average electric energy density at the point P(r) in the observation plane is
given by the trace of the 3x 3 electric correlation matrix (2.1), evaluated for r, =r, =r,i.e it

is given by the by the formula

S(r,m):TrVT/(r,r,w)
=S, (r,0)+S,(r,0)+S,(r,0),

(3.3)
where
S, (r,0)= <E; (r,o)E, (r,w)>, (a=xYy,2), (3.4)

with E,(r,®) being given by the expression (3.2). The z-derivative of the Green’s function

(2.3) which appear in EqQ. (3.2) is given by the expression

ik 1)\eR
G,(r.p)= Z(E-?j?, (35)

where
R=|p—r|. (3.6)
Assuming that the distance R is much greater than the wavelength A = 2nc/®, G, may be

approximated by the expression

. 7 eikR
G,(r,p)= 'k(ﬁj? . (3.7)

It follows that the electric field components, given by Egs. (3.2), may be expressed in the form
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E,(ro)= —{Ea@ (pl;w)(iJ% dA +EQ (p,: w)[i] e

Rl RZ R2

ikR,

dAz] (a=xY,2).

(3.8)

On substituting from Eq. (3.8) into Eq. (3.4) we obtain for the spectral density S, (r,) of the

electric field component E, (r; ) the expression

S, (riw)= x—lzls (py: w)[ijz (d:})z +S, (P w)(Rizjz (dAy)°

R RS

ak(R-R) (52
+2R{Wm (p1, 92 0) ( ﬂdﬂdAz , (@=xy,2),

RR, (RR
(3.9)

where Re denotes the real part and the asterisk denotes the complex conjugate. On subgtituting

from Eq. (3.9) into Eq. (3.3) we obtain for the average electric energy density at a point P(r)

in the interference pattern the expression

S(r;w):%[S(pl;m)(i}Z (A )" +S(p2;0))( z jz (dA)” |

R’ R) R

© . eik(Rz—Rl) 72
+2R{Trw(01'l’2’(0) RR, [RleﬂdAidAz,

(3.10)

where Tr stands for the trace of the W-matrix. We may re-write the formula (3.10) in a
physically more significant form by noting that the first two terms on the right-hand side of Eq.

(3.10) have a clear meaning. The first term represents the average electric energy density

2
S<1><r;w>=%s(p1;m)[é] (dé})z (3.11)
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when the field reaches the point of observation P(r) only through the first pinhole, i.e. when

dA, = 0. Similarly the second term represents the average electric spectral density

2
sP(r;0)= % SV2% w)[Ri] (dgz—z)z (312
2 2

when the field reaches the point of observation only through the second pinhole. Hence the

formula (3.10) can be expressed in the form

ik(R-Ry)
S(r,0)= S¥(r,0)+ S (r,0)+ 2S(r, o)y SP(r,0) R{“ (1. P2, m)e;%}
2
(3.13)
where
Tr\(Xl(pl’pZ!(D)
WPz 0 (3.14a)
(Pl P2 (0) \/S(Pl,u))\/S(pz,m)
T .0 : (3.14b)

\/TrW(pl,pl,w)JTrW(pz,pz,w)

The formula (3.13) expresses a general spectral interference law for random

statistically stationary electromagnetic fields. We see that as the path difference R, - R;
varies, the average electric energy density S(r,w) in the neighborhood of the point of

observation P(r) varies sinusoidally between the values

Snae (1, 0) = SY(r,0) + SP(r, 0)+ 2/ S (r, 0)y'SP (1, @) (py, p, ), (3.15a)

Suin(r,0) = 89(r, )+ $2(r,0)- 2ySY(r,0)}ys?(r. 0)n(p,. pp.0)  (315D)

O. Korotkova and E. Wolf



Submitted to J. Opt. Soc. Am. A 4/8/2004

Hence, the spectral visibility of the fringes in the neighborhood of the point P(r) in the

interference pattern is given by the expression

_2sY(r,0)ys?(r

, )
S(l)(r,m)+ S(Z)(r,m) |n (Pl’Pzaw)|- (3.16)

If, asisusualy the case, SU(r,®)= S®(r,w) the formula (3.16) reducesto

V(r.m)=n(py.pr 0}, (3.17)
i.e. the absolute value of the expression (3.14) is equal to the spectral visibility of the
interference fringes. Hence, if following Zernike, we interpret the absolute value of the degree
of coherence of the field at points Q, and Q, as the visibility of fringes which would be
formed by the field reaching the point of observation from the two pinholes, we see that the
modulus of the expressions (3.14) represents the absolute value of the degree of coherence.
The phase of 7 is associated with the location of the maxima in the fringe pattern and may
also be measured (see [13] and [14]). Hence we may identify n(ry,r,,®), given by the
formulas (3.14), with the (generally complex) electric spectra degree of coherence at
frequency o of any statistically stationary electromagnetic field which propagates into the
half-spacez > 0. The formulas (3.14) are a natural generalization of the expression for the

spectral degree of coherence introduced not long ago for beam like fields [7]°.
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4. An example.

We will illustrate our main result by deriving an expression for the spectral degree of
coherence of the dectric field emerging from a cavity containing blackbody radiation. We
assume that the opening in the cavity is located in the plane z=0 and that its linear
dimensions are sufficiently large, so that effects of diffraction from the edges of the aperture
may be neglected. The 3x3 eectric cross-spectral density matrix of the radiation emerging

from the cavity into the half-space z > 0 isgiven by the expression ([12], Eq. (3.10))

W,y (91, p2i00) = nA{aa{jowp)—% )|+ 222 j2<kp>},

(a=xv,2, B=XY,2), (4.1)
where
p=pr—p=puryp.). P=lpl, (4.2)
A represents the Planck distribution
A= 8nhsV3 hv/:-T ’ (4.3)
c’ € -1

v =w/2n being the angular frequency, c is the speed of light in vacuum, h is the Planck’s

constant, K is the Boltzmann's constant, T is the absolute temperature and §,, is the
Kronecker symbol. Further j,, j;, and j, are the spherical Bessel functions of the first kind

and of orders 1, 2 and 3 respectively:

jolkp) = Snlke) (4.43)
kp
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Jl(kp)=SzE/()§f)— i(;”), (4.40)
and

. 3 1. 3

j2(ko)= {W - k_p}l n(kp)— Wcos(kp). (4.4¢)

It follows at once from EqQ. (4.1) and from the expressions (4.4) for the spherical Bessel
functions that the diagonal elements of the 3x 3 electric cross-spectral density matrix in the
opening are

W)= ) L e i) vy 69

Hence,

Trv“v<p1,p2,co>=nA[sjo<kp>—(k—3p)jl<kp>+ jz<kp>}

_ (4.6)
_ oneaSN0)
kp
and, consequently,
S(w)=Tr W(p,p,m) = 21A. 4.7

On substituting from Egs. (4.6) and (4.7) into Eq. (3.144) and recalling Eq. (4.2) we obtain the
following expression for the spectral degree of coherence of the electric field in a large

opening of the cavity containing blackbody radiation:

sinlklp, —
mez@=—i£i£ﬂ- (4.8)
k|P2—pl|
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Footnotes

1. Expression (3.14) was noted previoudy ([5], EQ. 6.16) as the degree of coherencein a
particular case, namely in the far field generated by three-dimensional fluctuating
charge current distribution in free space.

2. An analogous definition of the degree of coherence of a beam-like field in the space-

time domain was obtained many years ago by Karczewski in alittle known paper [4].
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Figure caption

[llustrating the notation relating to determining the spectral degree of coherence of a three-

dimensional electromagnetic field from Y oung’ sinterference experiment.
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