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Summary. Sliced inverse regression is one of the widely used dimension reduction methods.
Chiaromonte and co-workers extended this method to regressions with qualitative predictors and
developed a method, partial sliced inverse regression, under the assumption that the covari-
ance matrices of the continuous predictors are constant across the levels of the qualitative
predictor. We extend partial sliced inverse regression by removing the restrictive homogeneous
covariance condition. This extension, which significantly expands the applicability of the previ-
ous methodology, is based on a new estimation method that makes use of a non-linear least
squares objective function.
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1. Introduction

Consider the regression of a univariate response Y on a vector of predictors X ∈ Rp. In full
generality, the goal of a regression is to infer about the conditional distribution of Y given X,
and many different statistical contexts have been developed to address this issue. In this paper
we consider sufficient dimension reduction, the basic idea being to replace the predictor vector
X with its projection PSX onto a subspace S of the predictor space without loss of information
on Y |X. More formally, interest is in subspaces S ⊆Rp with the property that Y is independent
of X given any value for PSX:

Y ⊥⊥X|PSX .1/

where ‘⊥⊥’ indicates independence. When the intersection of all subspaces satisfying condition
(1) itself satisfies condition (1), it is called the central space (Cook 1994, 1996) of the regression
and is denoted as SY |X with dimension d =dim.SY |X/. The central subspace, which is assumed
to exist throughout this paper, is a population metaparameter that can be taken as the parsimo-
nious target of a dimension reduction inquiry. When the central space is known the regression
can be limited to d �p new sufficient predictors, expressed as linear combinations of the original
ones: ηT

1 X. . . ηT
d X, where the basis {η1. . . ηd} for SY |X is often chosen so that the sufficient pre-

dictors are uncorrelated. Cook and Weisberg (1999) gave an introductory account of studying
regressions via central subspaces.
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Most methods like sliced inverse regression (SIR) (Li, 1991) and sliced average variance esti-
mation (Cook and Weisberg, 1991) for estimating the central space are limited to regressions
with continuous or many-valued predictors because it is in such cases that linear combinations
PSX of the predictors might provide an effective parsimonious summary. Chiaromonte et al.
(2002) removed this limitation by extending the concept of sufficient dimension reduction to
include multiple subpopulations identified by a random qualitative predictor W . Their exten-
sion is based on the idea of a partial dimension reduction subspace defined as any subspace S
that satisfies the conditional independence statement Y ⊥⊥X|.PSX, W/, and their resulting meth-
odology is called partial SIR. In addition to the usual SIR assumptions, partial SIR requires
that the conditional predictor variances var.X|W/ be homogeneous across subpopulations so
that var.X|W/ is a constant matrix. Subsequent experience with partial SIR has shown that
this homogeneous covariance condition is a restriction that should not be neglected in practice.
Although partial SIR can be an effective method for pursuing sufficient dimension reduction
in the presence of a qualitative predictor when the homogeneous covariance condition holds, it
can also be misleading when the condition fails.

In this paper we extend partial SIR so that homogeneous covariances are no longer
required, allowing partial SIR to be applied under the same general conditions as SIR. We
review SIR and partial SIR in Section 2. We also include a brief illustration to help to fix ideas
and set the stage for our extension, called general partial SIR (GPSIR), which is presented in
Section 3. GPSIR requires a new approach to estimation and consequently a new computa-
tional algorithm that is presented in Section 4. In Section 5 we develop an asymptotic test for
dimension under GPSIR. Simulation results are presented in Section 6 and an illustrative data
analysis is given in Section 7. We conclude with a discussion of related issues in Section 8.

2. Sliced inverse regression and partial sliced inverse regression

Let Σ be the non-singular covariance matrix of X and define the standardized predictor

Z=Σ−1=2{X −E.X/}:

Then, SY |X =Σ−1=2SY |Z and, without loss of generality, we may work on the Z-scale, trans-
forming back to the original X-scale when necessary. The sample version of Z is constructed by
substituting the sample mean and covariance matrix for E.X/ and Σ.

2.1. Sliced inverse regression
In keeping with the usual SIR protocol, we assume that the response is discrete or has been
discretized by constructing h slices Hk and using ‘Y = k’ to indicate the event that Y ∈Hk with
the implied sample space {1, 2, . . . , h}. SIR requires two conditions. The first, called the linear-
ity condition, is on the marginal distribution of X and not on Y |X as is common in regression
modelling. It requires that

E.Z|PSY |ZZ/=PSY |ZZ:

When the linearity condition holds,

span{E.Z|Y =y/, y =1, . . . , h}⊆SY |Z

(Li, 1991). We take this a step further and assume the coverage condition

h∑
y=1

span{E.Z|Y =y/}=SY |Z,
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which in part requires h > d. Thus, the subspace that is spanned by the inverse conditional
means in the Z-scale coincides with the central subspace. Further discussion of the linearity and
coverage conditions is given in Section 8.

The linearity and coverage conditions imply that

span[var{E.Z|Y/}]=SY |Z:

This population identity is the basis for SIR’s spectral decomposition approach to estimation:
first, estimate E.Z|Y =y/ by using the sample mean Z̄y of the sample standardized predictors
in slice y. Then estimate var{E.Z|Y/} by using

M̂SIR =
h∑

y=1

ny

n
Z̄yZ̄T

y .2/

where ny is the number of observations in slice y and n=Σy ny. If d is known, SY |Z is estimated by
the span of the eigenvectors corresponding to the d largest eigenvalues of M̂SIR. Inference on
d can be based on the eigenvalues of equation (2). Additional background on SIR is pro-
vided in subsequent sections of this paper. See also Li (1991), Chen and Li (1998) and Cook
(1998).

SIR has been applied successfully in numerous applications. But there are also issues remain-
ing. To highlight the main issue that is considered in this paper, we revisit one of the regressions
that was discussed by Chiaromonte et al. (2002). For n=202 athletes at the Australian Institute
of Sport, consider the regression of lean body mass L on p = 5 continuous or many-valued
predictors, the logarithms of height, weight, red blood cell count, white blood cell count and
haemoglobin, represented by X and gender indicated by W =m or W =f . The question is how
to deal with the qualitative predictor W .

There is concern about interpretation and violation of the linearity condition when consid-
ering direct application of SIR to .X, W/. To overcome this difficulty, Carroll and Li (1995)
investigated dimension reduction through models of the form

Y =g{βTX +αJ.W =m/, "}, .3/

where J is the indicator function, β is a p-dimensional vector, α is a scalar and "⊥⊥ .X, W/ is an
error term. Chiaromonte et al. (2002) noticed that

(a) this model limits ‘the effect of W to an additive shift of βTX in the first argument of g’,
and the interpretation of linear combinations involving qualitative predictors may not be
clear,

(b) the same linear combination βTX of the continuous predictors is assumed for both sub-
populations and

(c) the lean body regression does not support a model in form (3).

To avoid these limitations, Chiaromonte et al. (2002) introduced a framework that focuses on a
projection of X that preserves information on Y |.X, W/. We review this framework in the next
section.

2.2. Partial sliced inverse regression
We consider regressions in which a single sample yields observations on Y , X and a qualitative
predictor W with K levels represented in generic situations by {1, 2, . . . , K}. A partial dimension
reduction subspace S satisfies the statement Y ⊥⊥ X|.PSX, W/. If the intersection of all partial
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dimension reduction subspaces is itself a partial dimension reduction subspace it is called the
partial central subspace (PCS) and is denoted as S.W/

Y |X. If the PCS is known then the regression
can again be limited to new sufficient predictors expressed as linear combinations of the origi-
nal ones: βTX = .βT

1 X . . . βT
d X/T, where now the columns of the matrix β = .β1. . . βd/ form a

basis for S.W/
Y |X and d =dim.S.W/

Y |X/.
For notational simplicity, we shall follow Chiaromonte et al. (2002) and use .Xw, Yw/ to indi-

cate a generic pair distributed like .X, Y/|.W =w/ so, for example, SYw|Xw is the central subspace
given W =w and

Zw =Σ−1=2
w {Xw −E.Xw/},

where Σw = var.Xw/ > 0. The PCS is constructed so that the predictors βTX are sufficient for
every subpopulation, but they might not all be necessary for any single subpopulation. In partic-
ular, Chiaromonte et al. (2002) showed that there is a close connection between the conditional
central subspaces SYw|Xw and the PCS:

S.W/
Y |X =

K∑
w=1

SYw|Xw : .4/

This identity, which requires only the existence of the SYw|Xw , suggests that S.W/
Y |X can be esti-

mated by combining dimension reduction across subpopulations. They used equation (4) to
develop partial SIR for inference about the PCS by imposing the condition that the subpopula-
tion covariance matrices are constant, Σw =Σpool for all w. Under this homogeneous covariance
condition, and assuming essentially that the linearity and coverage conditions hold within each
subpopulation, they based their partial SIR estimate of S.W/

Y |X on the implied identity

S.W/
Y |X =Σ−1=2

pool span[var{E.ZW |YW /}]: .5/

A spectral analysis of a sample version of var{E.ZW |YW /}=var{E.Z|Y , W/} can now be used
to infer about S.W/

Y |X in the same way that SIR is used to infer about SY |X by using a spectral
analysis of a sample version of var{E.Z|Y/}.

In addition to developing partial SIR methodology, Chiaromonte et al. (2002) established a
general relationship between SY |X and S.W/

Y |X:

SY |X ⊆SW |X +S.W/
Y |X,

where SW |X is the central subspace for the regression of W on X. This relationshp implies that
the marginal central subspace SY |X may often include directions from SW |X, which are not of
interest in the present context, along with directions from S.W/

Y |X, which are of interest.
Let us return to the lean body regression. The homogeneous covariance assumption is rea-

sonable with a p-value of 0.48 obtained from the test of Σm =Σf (Anderson (1984), chapter
10). Using partial SIR as proposed by Chiaromonte et al. (2002) we inferred that dim.S.W/

Y |X/=1.
A plot of L versus the estimated sufficient predictor β̂

T
X is shown in Fig. 1. The ordinary least

squares (OLS) fits are shown for males and females as visual aids. The interpretation of the plot
is that although males and females have different regressions they both depend on one and the
same linear combination of the predictors X. Also, Fig. 1 suggests that we cannot pass from
one gender to the other by adding a constant to β̂

T
X, which rules out model (3).

Partial SIR can be quite effective for dimension reduction when the homogeneous covariance
condition is reasonable as in the lean body regression, but it can produce misleading results
when the condition fails. Additionally, Chiaromonte et al. (2002) found that departures from
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Fig. 1. Summary plot from application of partial SIR to the lean body mass regression: ı, males; �, females

this condition introduce scaling issues that are not easily resolved in the spectral approach to
estimation. But we can construct useful estimates of S.W/

Y |X without homogeneous covariances by
abandoning the pursuit of SIR-type spectral decompositions and basing estimation instead
on a non-linear least squares objective function. We describe the new method of estimation,
called GPSIR, in the next section and show that it reduces to SIR in the absence of subpop-
ulations and to partial SIR when multiple subpopulations are present and the homogeneous
covariance condition holds. In effect, GPSIR allows the logic of partial SIR to be applied under
the same conditions as SIR, without the need for the additional condition of homogeneous
covariances.

3. General partial sliced inverse regression

Suppose that we have a random sample of size n for .X, Y , W/ from the total population. There
are nw points in subpopulation w, among which nwy points have Yw = y. Let pw = Pr.W = w/

and let p̂w =nw=n be the observed fraction for subpopulation w. Similarly, let fwy =Pr.Yw =y/

and let f̂wy = nwy=nw denote the corresponding observed fraction. Let hw denote the number
of slices in subpopulation w and for consistency with previous notation we let h=Σw hw. Using
notation that is often associated with an analysis of variance, let Xwyi denote the ith observation
on X in slice y of subpopulation w, let X̄w·· be the average in subpopulation w,

X̄w·· = 1
nw

hw∑
y=1

nwy∑
i=1

Xwyi,

and let X̄wy· be the average of nwy points in slice y of subpopulation w. Let Σ̂w denote the sample
covariance of X in subpopulation w.
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Assuming that the linearity and coverage conditions hold for any subpopulation w, we have

SYw|Xw =
hw∑

y=1
span.ξwy/,

where

ξwy =Σ−1=2
w E.Zw|Yw =y/

=Σ−1
w {E.Xw|Yw =y/−E.Xw/}:

A sample version of ξwy can be represented as ξ̂wy = Σ̂
−1
w .X̄wy· − X̄w··/. It follows from equa-

tion (4) that

S.W/
Y |X =

K∑
w=1

hw∑
y=1

span.ξwy/: .6/

The condition hw > dim.SYw|Xw/, which implies that h > d, helps to avoid violating coverage.
Now, recalling that the columns of the p × d matrix β form a basis for S.W/

Y |X, equation (6)
implies that for each ξwy we can find a vector γwy so that ξwy =βγwy. This relationship suggests
that a basis for S.W/

Y |X might be estimated by minimizing an average discrepancy between ξ̂wy

and the estimate of βγwy. For later use, we let γw = .γw1, . . . , γwhw
/ and define the d ×h matrix

γ = .γ1, . . . , γK/.
Assuming that the dimension d of S.W/

Y |X is known, we propose to estimate β and γwy by
minimizing the non-linear discrepancy function

Fd.B, C/≡
K∑

w=1
p̂w

hw∑
y=1

f̂ wy.ξ̂wy −BCwy/TΣ̂w.ξ̂wy −BCwy/ .7/

so that

.β̂, γ̂/=arg
B,C

min{Fd.B, C/} .8/

where the minimization is over C∈Rd×h with columns Cwy, and B ∈Rp×d subject to BTB = I.
We call this method GPSIR.

The discrepancy function Fd.B, C/ converges almost surely to its population version

F̃d.B, C/≡
K∑

w=1
pw

hw∑
y=1

fwy.ξwy −BCwy/TΣw.ξwy −BCwy/

=E.ξWY −BCWY /TΣW .ξWY −BCWY /:

Under the linearity and coverage conditions, .β, γ/=arg min{F̃d.B, C/} so GPSIR provides a
Fisher consistent estimate of a basis for S.W/

Y |X. The minimizers of F̃d are not unique, but that
is not a problem since any basis for S.W/

Y |X will suffice. In the algorithm that is described later in
Section 4 we handle the uniqueness issue by imposing orthogonality and length constraints on
the columns of β̂.

The GPSIR estimate of S.W/
Y |X reduces to the partial SIR estimate when the pooled covariance

matrix

Σ̂pool =
K∑

w=1
p̂wΣ̂w
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is used in place of Σ̂w in ξ̂wy and in the inner product of the discrepancy function. To show this,
we replace Σ̂w with Σ̂pool in equation (8). Then after a little algebra we find that .β̂, γ̂wy/ can
be obtained from the value of .Ḃ, Cwy/ that minimizes

K∑
w=1

hw∑
y=1

nwy

n
.Z̄wy· − ḂCwy/T.Z̄wy· − ḂCwy/,

where now Z̄wy· = Σ̂
−1=2
pool .X̄wy· − X̄w··/ and Ḃ= Σ̂

1=2
poolB. After minimizing over Cwy for a fixed Ḃ,

we have

β̂= Σ̂
−1=2
pool arg

Ḃ
min

{ ∑
w,y

nwy

n
‖Z̄wy· − Ḃ.ḂTḂ/−1ḂTZ̄wy·‖2

}
= Σ̂

−1=2
pool arg

Ḃ
min{tr.M̂PSIRQḂ/},

where Q.·/ = I −P.·/ and

M̂PSIR =
K∑

w=1
p̂w

hw∑
y=1

f̂ wyZ̄wy·Z̄T
wy· .9/

is the pooled sample covariance matrix of the slice means, which is the estimate of var{E.ZW |YW/}
(see equation (5)) that was used by Chiaromonte et al. (2002). Thus, β̂ = Σ̂

−1=2
pool .µ̂1, . . . , µ̂d/,

where the µ̂is are the eigenvectors of M̂PSIR corresponding to its d largest eigenvalues. It follows
immediately from this result that GPSIR reduces to SIR, M̂SIR =M̂PSIR, when there is only one
subpopulation (K = 1). In this case it follows from the results leading to equation (9) that the
minimum value F̂d of Fd is

F̂d =min
Ḃ

{tr.M̂SIRQḂ/}=
p∑

j=d+1
λ̂j .10/

where λ̂1 � . . . � λ̂p are the eigenvalues of M̂SIR defined in equation (2).
There are two essential tasks left to develop GPSIR as methodology. The first is to describe

a numerical algorithm for the minimization in equation (8). The other is to find an appropriate
test statistic for dimensionality and its asymptotic distribution. The algorithm is discussed in
Section 4. Inference is addressed in Section 5.

4. Algorithm

Like many other dimension reduction methods, SIR and partial SIR adopt a spectral approach
based on finding a consistently estimable kernel matrix that spans either SY |X or S.W/

Y |X. The
eigenvectors of the sample kernel matrix (M̂SIR or M̂PSIR) corresponding to its eigenvalues that
are inferred to be non-zero in the population form the estimate of the target subspace. However,
when we have heterogeneous subpopulations, the minimization of the discrepancy function (8)
no longer reduces to a spectral decomposition problem, which is a generalization that allows us
to avoid the limitations of the previous approach.

From equation (8), GPSIR is based on the minimization of the discrepancy function

Fd.B, C/= ∑
w,y

nwy

n
.ξ̂wy −BCwy/TΣ̂w.ξ̂wy −BCwy/ .11/

= ∑
w,y

.V̂wyξ̂wy − V̂wyBCwy/T.V̂wyξ̂wy − V̂wyBCwy/,
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where V̂wy ={.nwy=n/Σ̂w}1=2. Let B̃ denote the B that minimizes equation (11). Thus, B̃ is an
estimate of β. This minimization is a special case of finding the values of B and C that minimize
a generic discrepancy function of the form

H.B, C/=
h∑

j=1
.αj −SjBCj/T.αj −SjBCj/, .12/

where B∈Rp×d , C= .C1, . . . , Ch/∈Rd×h, αj ∈Rp and Sj ∈Rp×p. The Sjs are positive definite.
All αj and Sj are fixed in the minimization algorithm. The function H can be minimized by
treating it as a separable non-linear least squares problem (see Ruhe and Wedin (1980)). We
have separate sets of parameters, B and C in equation (12). Given B, the minimization with
respect to C is straightforward: we only need to solve h independent linear regressions of αj on
SjB, j =1, . . . , h. In contrast, consider minimizing H with respect to one column bk of B, given
C and the remaining columns of B and subject to the orthogonality constraint bT

k B.−k/ = 0,
where B.−k/ is the matrix that is left after taking away bk from B. For this partial minimization
problem, H can be re-expressed as

H*.bk/=
h∑

j=1
.α

.k/
j − cjkSjbk/T.α

.k/
j − cjkSjbk/,

where α
.k/
j =αj − SjB.−k/Cj.−k/, cjk is the kth element of Cj and Cj.−k/ consists of all except

the kth element of Cj. For ease of reference, the solution to this partial minimization problem
is stated in the following lemma; its justification is sketched in Appendix A.

Lemma 1. The argument that minimizes H*.bk/ subject to the constraint bT
k B.−k/ =0 is

b̂k =W−1
2 .I −B.−k/.BT

.−k/W
−1
2 B.−k//

−BT
.−k/W

−1
2 /W1,

where W1 =Σh
j=1cjkST

j α
.k/
j and W2 =Σh

j=1c2
jkST

j Sj.

An alternating least squares method (Cook and Ni (2005), section 3.3) can be easily adapted
for equation (12) by minimizing one column of B and C in turn. Xia et al. (2002), section 2.3,
also used similar ideas in the algorithm of minimum average variance estimation.

In the spectral approach of SIR and partial SIR, estimated basis directions are ordered by
the eigenvalues of the sample kernel matrix. This algorithm will not necessarily produce an
analogous ordering. However, we can construct an ordered basis for span.B̃/ with respect to
the amount by which directions decrease H.B, C/. For example, the most important direction
is

b̂1 =arg
b

min
{

h∑
j=1

.QSjbαj/T.QSjbαj/

}
,

where the minimization is over b ∈ span.B̃/ with ‖b‖=1. The second direction is

b̂2 =arg
b

min
{

h∑
j=1

.QSj [b, b̂1]αj/T.QSj [b, b̂1]αj/

}
,

where the minimization is over b ∈ span.B̃/ with ‖b‖=1 and bTb̂1 =0, and so on.
There is one key issue remaining, which is how to infer about the dimension of the PCS when

using GPSIR. Here we can also benefit from the minimum discrepancy approach because the
minimum value can be used to construct a test statistic for dimensionality. The construction of
test statistics and inference are the topics of the next section.



Dimension Reductions in Regressions 97

5. Inference about d =dim(S(W )
Y jX ) in general partial sliced inverse regression

We saw at the end of Section 3 that, when there is only a single subpopulation (K = 1) and
d = dim.SY |X/ is known, minimization of the discrepancy function Fd.B, C/ (7) results in the
SIR estimate of SY |X, and the minimum value (10) of Fd is F̂d =Σp

j=d+1λ̂j where λ̂1 � . . . � λ̂p

are the eigenvalues of M̂SIR defined in equation (2). The usual SIR test statistic for testing d =m

versus d > m, where m < p, is simply nF̂m, with relatively large values resulting in rejection.
Assuming that X has a multivariate normal distribution and implicitly assuming the cover-
age condition, Li (1991) proved that the null distribution of nF̂d is asymptotically χ2 with
.p−d/.h−d −1/ degrees of freedom. Bura and Cook (2001) proved that in general nF̂d is dis-
tributed as a weighted sum of independent χ2 random variables and showed how to construct
consistent estimates of the weights for use in practice.

There are parallel results for partial SIR. The partial SIR statistic that was proposed by
Chiaromonte et al. (2002) for the hypothesis d = m versus d > m is again proportional to the
minimum value of Fm : F̂m = Σp

j=m+1α̂j, where α̂1 � . . . � α̂p are the eigenvalues of M̂PSIR
defined in equation (9). Chiaromonte et al. (2002) showed under conditions that are implied by
having normal predictors that nF̂d is asymptotically distributed as a χ2 random variable with
.p − d/.h − d − K/ degrees of freedom. Although it was not emphasized in the main part of
Chiaromonte et al. (2002), they also showed in an appendix that in general nF̂d is distributed
asymptotically as a linear combination of independent χ2 random variables.

In SIR and partial SIR applications, d is often estimated by using a sequence of hypothesis
tests with the statistic nF̂m: starting with m = 0, test the hypothesis d = m versus d > m. If the
test is rejected, increment m by 1 and test again, stopping with the first non-significant result.
This type of procedure is fairly common for estimating the dimension of a subspace (see, for
example, Rao (1973), page 556). Since nF̂m is a generalized version of the test statistics for SIR
and partial SIR, we propose to use it to test the hypothesis d =m versus d > m in GPSIR. This
requires the asymptotic distribution of nF̂d or perhaps a nonparametric alternative. Here we
follow the asymptotic route.

5.1. Asymptotic distribution of nF̂ d in general partial sliced inverse regression
A little set-up is necessary before we can report the asymptotic distribution of nF̂d in GPSIR.
Conditioning on subpopulation w for the time being, define the random variable Jwy to equal
1 if Yw =y and 0 otherwise. Given w, E.Jwy/=Pr.Yw =y/=fwy. Define

"wy =Jwy −fwy −ZT
w E.ZwJwy/

to be the population residuals from the OLS fit of Jwy on Zw. Let εw = ."w1, . . . , "whw/T denote
the hw ×1 vector of residuals, one for each slice, for a typical observation from subpopulation w,
and let fw = .fw1, fw2, . . . , fwhw/T and Dfw ≡diag.fwy/ be the hw ×hw diagonal matrix with the
elements of fw on the diagonal. With this notation we can now define the following phw ×phw
covariance matrix for subpopulation w:

Ωw =var.D−1=2
fw

εw ⊗Zw/: .13/

We then arrange these covariance matrices in a ph×ph block diagonal matrix Ω≡ diag.Ωw/,
which is one component that we need to describe the asymptotic distribution of nF̂d .

We also need the ph×ph block diagonal matrix

V ≡diag.pwD−1
fw

⊗Σw/ .14/
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and the ph× .p+h/d matrix

∆≡ .νT ⊗ Ip, Ih ⊗β/, .15/

which is the Jacobian matrix for a vectorized version of the discrepancy function,

∆=
(

@{vec.BC/}
@{vec.B/} ,

@{vec.BC/}
@{vec.C/}

)
,

evaluated at .β, ν/, where B ∈ Rp×d , C ∈ Rd×h, β is a basis for S.W/
Y |X as defined previously,

ν =γ diag.Dfw/ and γ is as defined following equation (6). Also, V is the inner product matrix
for the same vectorized version of Fd . Finally, letting Φ= V1=2∆, the asymptotic distribution
of nF̂d is given in the following theorem.

Theorem 1. Assume that the data .Xi, Yi, Wi/, i=1, . . . , n, are a random sample of .X, Y , W/.
Let

Sξ =
K∑

w=1

hw∑
y=1

span.ξwy/,

let d = dim.Sξ/ and let .β̂, γ̂/= argB, C min{Fd.B, C/} as defined previously in equation (8).
Then

(a) span.β̂/ is a consistent estimator of Sξ and
(b) as n→∞

nF̂d
D→

ph∑
i=1

λi χ
2
i .1/

where {χ2
i .1/} are independent χ2 random variables each with 1 degree of freedom and

{λ1 � . . .�λph} are the eigenvalues of QΦΩQΦ.

Theorem 1 is quite general, requiring none of the special conditions that were discussed pre-
viously. The value β̂ of B that minimizes the discrepancy function Fd.B, C/ always provides a
consistent estimate of a basis for Sξ , and this theorem allows us to test a hypothesis about its
dimension. However, without some of the special conditions, Sξ might not be a useful popula-
tion parameter and therefore tests on its dimension might not be of interest.

If the linearity condition holds within subpopulations then Sξ ⊆S.W/
Y |X. The subspace that is

spanned by β̂ is still a consistent estimate of Sξ , which is now a subspace of the PCS. In this
case we can use theorem 1 to infer about a possibly proper subset of the PCS. If the linearity
and coverage conditions hold, then we are back to the main line that was introduced at the
beginning of Section 3. In this case, as previously pointed out in equation (6), Sξ =S.W/

Y |X, and we
can use theorem 1 to infer about the full PCS. A proof of theorem 1 is given in Appendix A. We
next summarize the computations that are necessary to implement the tests that are available
as a result of theorem 1.

5.2. Computations
To use theorem 1 in practice, we need to replace QΦΩQΦ with a consistent estimate under
the null hypothesis. Under the hypothesis d = m, the ph × .p + h/m Jacobian matrix ∆ can
be estimated consistently by substituting the corresponding estimates for β and ν: ∆̂= .ν̂T ⊗
Ip, Ih ⊗ β̂/. The remaining unknowns are moments that do not depend on the hypothesis and
can be estimated consistently by substituting the usual sample versions. To estimate V we use
V̂ = diag.p̂wD−1

f̂w
⊗ Σ̂w/. Because εw contains residuals from the population OLS fit of Jwy on
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Zw within subpopulation w, it is uncorrelated with Zw. Consequently,

Ωw = .D−1=2
fw

⊗ Ip/E.εwεT
w ⊗ZwZT

w/.D−1=2
fw

⊗ Ip/

which suggests the estimate

Ω̂w = .D−1=2
f̂w

⊗ Ip/

{
1

nw

nw∑
j=1

.ε̂wj ε̂
T
wj ⊗ ẐwjẐT

wj/

}
.D−1=2

f̂w
⊗ Ip/

where Ẑw is the sample version of Zw and ε̂w contains residuals from the sample OLS fit of
Jwy on Ẑw. These estimates are then substituted to yield an estimate of QΦΩQΦ from which
sample eigenvalues λ̂j are obtained. The statistic nF̂m is then compared with the percentage
points of the distribution of Σph

i=1λ̂i χ
2
i .1/ to obtain a p-value. There is a substantial literature on

computing tail probabilities of the distribution of a linear combination of χ2 random variables.
See Field (1993) for an introduction.

6. Simulation results

In this section, we present results from a simulation study to investigate properties of partial
SIR and GPSIR. Results are based on two models in which the predictor X ∈ Rp is sampled
from one of two normal populations that are indicated by W , X|W ∼normal.0,Σw/:

Y = exp{−.X1 +X2 +2X3/}+0:5", .16/

Y = X1

0:5+ .X2 +1:5/2 +0:5", .17/

where in each model " ∼ normal.0, 1/. The first is a one-dimensional model and the second is
a two-dimensional model. Since X|W is normal, the linearity condition required is satisfied.
For each sampling configuration we generated half of the sample from each subpopulation and
ran 1000 simulations. For simulations with heterogeneous subpopulations, we set Σ1 = Ip and
generated

Σ2 =AT
2 A2=p, .18/

where the elements of A2 ∈Rp×p were sampled once from a standard normal population. The
difference between Σws that are generated in this way was easily detected by using the test in
Anderson (1984), chapter 10.

SIR is appropriate when p=5 and Σ1 =Σ2 = I5 since the two subpopulations are identical.
Using hw = 4 slices per subpopulation, our simulations confirmed the asymptotic results that
were developed previously. The performances of SIR, partial SIR and GPSIR were very similar.
We next consider heterogeneous subpopulations, Σ1 
=Σ2, for models (16) and (17), generating
Σw as indicated in equation (18) with p= 5. With unequal covariance matrices, SIR typically
responds to directions other than those in the PCS (Cook and Critchley, 2000) and thus it was
not included in this part of the study. We set hw =4 slices per subpopulation.

6.1. Dimension test
At sample size n=400 we estimated the actual levels of the partial SIR and GPSIR dimension
test. Partial SIR fell apart testing H0 : d =1 for model (16) since its maximum p-value over the
1000 replications was less than 0.001. It failed again testing H0 : d = 2 for model (17) with its
average p-value being 0.0076. These results support our observation that partial SIR tends to
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(a)

(b)

Fig. 2. Model (17): (a) uniform quantile plot of p-values from GPSIR testing H0 :d D2 versus Ha :d >2 and
(b) accuracy of estimation partial SIR and GPSIR

confuse differences between the Σws with the PCS. Meanwhile GPSIR tests held their levels
very well. A uniform quantile plot of the p-values from GPSIR is shown in Fig. 2(a) for model
(17); the corresponding plot for model (16) is quite similar.

6.2. Estimation of d
Tests of dimension hypotheses can be of interest on their own but are perhaps most frequently
used to estimate d sequentially, as described in Section 5. Reasoning in the context of model
(17) with true dimension d = 2, if the leading tests of d = 0 and d = 1 have power 1, then all of
the estimation error arises from the level α of the test of d =2, resulting in estimates d̂ =2 with
probability 1−α and d̂ >2 with probability α. This is perhaps the best that we can expect when
using the same level for all tests. Clearly, properties of the sequential estimator d̂ of d depend on
the level and power of the dimension tests. Here we examine the percentage of correct dimension
decisions by using automated tests with fixed nominal level.

First we consider model (16). Since partial SIR confuses the difference between Σ1 and Σ2 as
part of the PCS, it tends to overestimate the dimension. For example, at n=400 and p=5, partial
SIR did not make any correct decisions in 1000 replications, whereas GPSIR gave d̂ =1 98:6%
of the time with nominal 1%-tests, and 92:8% of the time with nominal 5%-tests. In another set
of simulations, we fixed n= 800 and varied p between 5 and 20, still with 1000 replications of
each sampling configuration. Again, partial SIR did not make a single correct decision. Using
nominal 1%-tests, GPSIR estimated d =1 about 99% of the time with p=5 and about 97% of
the time with p=20.

Turning to model (17), Fig. 3 shows the percentage of replications in which d̂ =2 with nom-
inal 1%- and 5%-tests. Partial SIR’s tendency to overestimate dimension compensated for a
weak signal at the smaller sample sizes, which partly explains the relatively high percentage of
correct decisions around n = 200. When the signal becomes stronger with larger sample sizes,
partial SIR falls into the pitfall of overestimation again. Meanwhile, the percentage of correct
decisions from GPSIR is very close to the best possible even with moderate sample sizes.

In these and other unreported simulations we essentially always found that the estimated true
level of a nominal 1%-test was at most 5% when nw > 10p. Thus, we recommend the use of
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(a) (b)

Fig. 3. Percentage of correct decisions for model (17) at p D 5 (. . . . . . ., nominal 1%; , nominal 5%):
(a) partial SIR; (b) GPSIR

nominal 1%-tests when there are at least 10 observations per predictor in each subpopulation.
The agreement between the actual and nominal levels seems to improve significantly when
nw > 20p, although such sample sizes may not be necessary for practically useful results.

6.3. Estimation accuracy
For model (16) we measured the accuracy of estimation through the average values over 1000
replications of R2 between X1 +X2 +2X3 and the estimated sufficient predictor β̂

T
X. We already

know that with unequal Σws partial SIR can fail to detect the dimension d =1. None-the-less,
we compared the accuracy of estimation assuming d to be known, finding that 64.8% of the time
R2 from GPSIR was larger than that from partial SIR. For model (17) we calculated R2

1 and
R2

2, the R2-values from the regressions of X1 and X2 on the two estimated sufficient predic-
tors β̂

T
1 X and β̂

T
2 X. The signal from X1 is strong in model (17), and the average of R2

1 was
0.981 from GPSIR and 0.978 from partial SIR. However, the average of GPSIR’s R2

2 was 0.872,
which is much larger than partial SIR’s average R2

2 of 0.249. Additionally, GPSIR’s R2
2 exceeded

partial SIR’s R2
2 97.8% of the time, as shown in Fig. 2(b).

6.4. Varying n and p
First we consider model (16) with heterogeneous subpopulations and varying sample size n.
For testing H0 : d = 1 versus Ha : d > 1, Fig. 4(a) shows the estimated actual levels of GPSIR
for nominal 1%- and 5%-tests. The simulation results with increasing sample sizes support the
asymptotic calculations and, when judged against the simulation standard errors, suggest that
the difference between the nominal and actual levels may not be worrisome in practice. The
accuracy of estimation also improves with increasing sample sizes as shown in Fig. 4(b), where
R2 is the squared correlation between X1 +X2 +2X3 and the estimated sufficient predictor β̂

TX.
With sample size fixed at n=800, we increased p in model (16) by adding independent stan-

dard normal variates. As expected, the actual levels gradually deviate from the nominal levels
as p increases. For example, the observed level of the nominal 1%-test was about 1.2% with
five predictors but 2.5% with 20 predictors. The accuracy of estimation also deteriorated.
However, the average R2 for GPSIR was greater than that for partial SIR for all values of
p considered and, even at p=20, both average R2s were above 0.99.
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(a) (b)

Fig. 4. Model (16) with p D5: (a) actual levels from GPSIR (ı, nominal 1%; , nominal 5%); (b) accuracy
of estimation (ı, GPSIR; , partial SIR)

7. Economic indices

In this section we consider data on relationships between economic indices from O’Donnell
et al. (2001). The data consist of annual indices from 1960 to 1993 on agricultural production
and prices in the state of Oklahoma and the state of Texas, for a total of n= 68 observations.
The response Y is the logarithm of the price index for labour. The five continuous predictors are
the logarithms of quantity indices for labour, capital and materials, and the logarithms of price
indices for capital and materials. There is one categorical predictor W = 1 for Oklahoma and
W =2 for Texas. We applied partial SIR and GPSIR with h=6. On the basis of results in Table 1,
GPSIR indicated that d = 2 linear combinations of predictors are needed to characterize the
regression, whereas partial SIR clearly indicated that d > 2. Because the estimated covariance
matrices for the two states are quite different, we expect that partial SIR overestimated d.

Fig. 5 shows plots of Y versus β̂
T
1 X and β̂

T
2 X, where β̂

T
1 X has a correlation of 0.998 with the

simple OLS fit. On the basis of a graphical analysis of the data, we conjectured that the ‘<’-like
pattern for each state in Fig. 5(b) might be caused by a two-phase linear regression, with a
changepoint around 1978, 1 year after the Food and Agriculture Act of 1977 was passed by
the US Congress. Accordingly, let Ind indicate that the measurement year is earlier than 1978.
Then from an OLS fit of the two-phase linear model

YW = Ind.α1W +ηT
1 X/+ .1− Ind/.α2W +ηT

2 X/+ " .19/

Table 1. Dimension tests for the data on economic indices

H0: d =m Results for partial SIR Results for GPSIR

nF̂m Degrees of p-value nF̂m Trace p-value
freedom

0 98.87 20 0.00 86.61 20.00 0.00
1 46.49 12 0.00 33.94 5.50 0.00
2 16.35 6 0.00 3.34 2.73 0.29
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(a) (b)

Fig. 5. Response versus estimated predictors for the data on economic indices: ı, Oklahoma; �, Texas

we found that the multiple correlation of η̂T
1 X with .β̂

T
1 X, β̂

T
2 X/ is 0.989 and for η̂T

2 X the cor-
relation is 0.992, suggesting that .β̂1, β̂2/ and .η̂1, η̂2/ are estimating the same subspace.

8. Discussion

This paper covers two advances in sufficient dimension reduction. The first is the removal of
the homogeneous covariance condition in partial SIR. This significantly extends the range of
application for partial SIR and means that it may now be applied when the usual SIR condi-
tions hold in each of the subpopulations. The second advance is the rederivation of partial SIR
in terms of a non-linear least squares discrepancy function. This moves partial SIR closer to
standard optimization-based methodology and allows for generalizations that might not have
been apparent in the spectral approach. For example, robust versions of partial SIR might be
developed by, in part, replacing the least squares objective function with an objective function
that is more resistant to outliers.

Like SIR and partial SIR, GPSIR requires the linearity and coverage conditions. Because the
linearity condition involves only the marginal distribution of X, we are free to use experimental
design, one-to-one predictor transformations or reweighting (Cook and Nachtsheim, 1994) to
induce the condition when necessary. The linearity condition holds for elliptically contoured
predictors. Additionally, Hall and Li (1993) showed that as p increases with d fixed the linearity
condition holds to a reasonable approximation. For the coverage condition to fail, we must
have at least one direction η ∈S.W/

Y |X such that E.ηTXw|Yw/ is constant for all subpopulations,
and this requires highly symmetric regressions. Even if the coverage condition does not hold,
GPSIR estimates a subspace of PCS which still provides relevant information for the regression.
A few dimension reduction methods have been proposed to bypass the linearity condition by
exploiting local features of the regression (Hristache et al., 2001; Xia et al., 2002). These meth-
ods did not address the unique nature of qualitative predictors per se, but it will be of interest
to incorporate these developments in the framework of partial dimension reduction.

The asymptotic tests for SIR, partial SIR and GPSIR are all based on fixed slices so the
expected number of observations per slice grows in proportion to the sample size n. For any
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fixed n, increasing the number of slices sufficiently can cause nominal characteristics of the
asymptotic tests to fail significantly. By keeping the number of slices small, but at least d + 1,
we lose no information in the population while keeping the number of observations per slice
relatively large, so the asymptotics might provide a useful approximation.

We assumed throughout this paper that the data are a random sample from .X, Y , W/. Theory
can be modified straightforwardly to deal with situations in which the fraction nw=n of obser-
vations from subpopulation w is fixed by design and held constant as n grows, w = 1, . . . , K.
However, this modified sampling plan does not result in any changes in the methodology that
is discussed here.

A referee suggested that we compare an alternative spectral approach using the kernel
matrix

Malt =
K∑

w=1
p̂w

hw∑
y=1

f̂ wyξ̂wyξ̂
T
wy

with the approach proposed based on the non-linear objective function (7). This alternative is
equivalent to replacing the middle matrix Σ̂w in expression (7) with the identity, and the asymp-
totic distribution of the corresponding test statistic for dimension can be found by replacing V
in equation (14) with diag.pwD−1

f w ⊗ Ip/. However, this approach is not as efficient as GPSIR.
Intuitively, the inverse of

var.Σ−1X̄y/=Σ−1ΣX|yΣ−1

is much closer to Σ than the identity matrix. This could be one of the reasons that the original
SIR kernel matrix was constructed in the Z-scale, which corresponds to using Σ as the middle
matrix for the one-population case. A simple simulation study confirmed this intuition. Con-
sider model (16) with Σ1 = I5 and Σ2 =diag.1, 1, 1, σ, σ/. For each σ, we generate 200 data sets,
each with n = 400. In Table 2, we show the average squared correlation between the true and
estimated sufficient predictor, and the percentage of cases with d̂ =1 based on nominal 5%-tests.

Finally, GPSIR can be applied straightforwardly when there is more than one qualitative
predictor in a factorial structure like gender × species. In such situations the various combina-
tions of levels can be arranged into a single qualitative variable W and the methodology applied
without modification. However, this procedure will require a large overall sample size if there
are many factors, and the results may be difficult to interpret. One way around such difficulties
would be to develop an extension that limits consideration to ‘additive effects’, which is similar
in spirit to additive analysis-of-variance models.

Table 2. Comparison of GPSIR and Malt

σ Average R2 % d̂ =1

Malt GPSIR Malt GPSIR

0.050 0.259 0.996 0.0 92.5
0.075 0.491 0.996 0.5 91.5
0.10 0.679 0.995 6.0 95.5
0.15 0.932 0.995 14.5 95.5
0.50 0.994 0.995 93.5 90.5
1 0.995 0.995 95.5 96.0
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Appendix A

A.1. Proof of lemma 1
For notational convenience, let L=B.−k/. The minimization with the orthogonality constraint is equivalent
to minimizing the function

k.g/=
h∑

j=1
.α.k/

j − cjkSjQLg/T.α.k/
j − cjkSjQLg/

where g∈Rp and QL is the projection on the orthogonal complement of span.L/. Since k.g/ is the sum of
squares of residuals of a multivariate OLS fit,

ĝ =arg
g

min{k.g/}

= .QLW2QL/−QLW1

and

b̂k =QLĝ
=W−1=2

2 W1=2
2 QL.QLW1=2

2 W1=2
2 QL/−QLW1=2

2 W−1=2
2 W1 .20/

=W−1=2
2 QW−1=2

2 LW−1=2
2 W1

=W−1
2 {I −L.LTW−1

2 L/−LTW−1
2 }W1:

We know that

.W1=2
2 QL/TW−1=2

2 L=0

and that

rank.W1=2
2 QL/+ rank.W−1=2

2 L/=p:

Therefore,

PW1=2
2 QL

+PW−1=2
2 L = Ip

and the equality in expression (20) holds.

A.2. Proof of theorem 1
The proof of theorem 1 hinges on Shapiro’s (1986) results on the asymptotics of overparameterized discrep-
ancy functions. Propositions 3.1 and 4.1 in Shapiro (1986) are based on a class of discrepancy functions

H{τ n, g.θ/}= .τ n −g.θ//TV.τ n −g.θ//, .21/

where τ n is an asymptotically normal estimate of the population value g.θ0/ and V is a known inner
product matrix.

To use Shapiro’s results we first write our discrepancy function Fd defined at equation (7) in the form
of the general discrepancy function (21). Using the definitions of ξwy and ξ̂wy that were established at the
beginning of Section 3, define ζwy =fwyξwy with corresponding sample version ζ̂wy = f̂ wyξ̂wy. Define also
ζw = .ζw1, . . . , ζwhw

/ and ζ = .ζ1, . . . , ζK/ with corresponding sample versions ζ̂w and ζ̂. Then for fixed
dimension d the GPSIR discrepancy function can be written as

Fd.B, C/= .vec.ζ̂/−vec.BC//TV̂.vec.ζ̂/−vec.BC// .22/

where V̂ =diag.p̂wD−1
f̂w

⊗ Σ̂w/, as defined previously in Section 5.2. The argument C that is used here cor-
responds to the argument C in equation (8) times diag.Dfw /. The same relationship holds between ν and
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γ mentioned following equation (15): ν =γ diag.Dfw /. The argument B that stands for a basis of S .W/
Y |X is

the same in both versions. That Fd is a version of Shapiro’s discrepancy function H can now be seen by
setting

θ =
( vec.B/

vec.C/

)
∈Rd.p+h/,

g.θ/=vec.BC/∈Rph,

τ n =vec.ζ̂/,

g.θ0/=vec.βν/,

where β ∈ Rp×d is in general a basis for Sξ and ν ∈ Rd×h. With these associations it is straightforward to
verify that the Jacobian matrix ∆= .νT ⊗ Ip, Ih ⊗β/ as defined previously in equation (15).

The inner product matrix in Shapiro (1986) is assumed to be known, whereas the inner product matrix
in Fd is estimated. However, it can be shown that since V̂ converges to V in probability, where V is as
defined in equation (14), the asymptotic distribution of nF̂d is the same whether we use V or V̂ as the inner
product matrix. It is easy to verify all other conditions of Shapiro (1986), except for asymptotic normality.
The strategy to showing asymptotic normality is to decompose n1=2{vec.ζ̂/ − vec.βν/} as a summation
of independent and identically distributed observations plus a remainder converging to 0 in probability.
Then, by the central limit theorem, we obtain the conclusion.

We next focus on a generic wth population. For notational simplicity, we drop w from the subscripts
and will restore it when we reach the conclusion. The subscript y still denotes a slice in the subpopula-
tion. Define h random variables Jy such that Jy equals 1 if the points is in the yth slice and 0 otherwise,
y =1, 2, . . . , h. Define a random vector ε= ."1, . . . , "h/T, where

"y =Jy −E.Jy/−ZTE.ZJy/:

Cook and Ni (2005), page 425, showed that

n1=2{vec.ζ̂/−vec.ζ/}=n−1=2
n∑

j=1
vec.Σ−1=2Zjε

T
j /+Op.n−1=2/,

where .Zj , εj/ are independent and identically distributed observations. Restoring w in subscripts we have

n1=2
w {vec.ζ̂w/−vec.βνw/}→normal[0, var{vec.Σ−1=2

w Zw"T
w/}]:

By Slutsky’s theorem, we conclude that n1=2{vec.ζ̂/−vec.βν/} converges to a normal vector with mean 0
and covariance matrix

Γ=diag
[

1
pw

var{vec.Σ−1=2
w ZwεT

w/}
]
:

It now follows from Shapiro (1986) that the asymptotic distribution of nF̂d is the same as that of
‖QΦV1=2W‖2 where W is normal with mean 0 and covariance matrix Γ and Φ= V1=2∆ as defined for
the statement of theorem 1. Consequently, nF̂d is asymptotically distributed as a linear combination of
independent χ2 random variables each with 1 degree of freedom. The coefficients of the χ2-variables are
the eigenvalues of

QΦV1=2ΓV1=2QΦ =QΦΩQΦ,

where Ω=V1=2ΓV1=2 is as defined for the statement of theorem 1. Finally, consistency follows from Shapiro
(1986) and the fact that V̂ converges to V in probability.
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