Logic/ Discrete Math - Practice Final

PART 1 - will beworth 100 POINTS on the exam

1. Demonstrate A —-B,B— ~C,BVC, ~B F ~A

2. DemonstrateusngRCP: P — S, (QAS) —- (RAT)F(PAQ)— R

3. Demonstrate using | P:
vady{ P(z,5) — Q(z,) |}, Ya¥yP(z,3) - Y2yQ(z,y)

4. Demongtrate: FANB=0 — A C B . Useno Theorems as reasons. Y ou may use
Axioms, and Definitions as reasons.

5(Logic). Giveaninformal proof of : if ANB =0, thenA C B.
5(Discrete). Suppose A isthe alphabet {z,y} and S isthe language {\, z, y, yx, zyx}.

a) Trueor False:
e A?

S C A"

S C (A?)

b) How many elements of length 3 are there in S*? Ans:

List them here:

c) Prove by example that A is not a subset of (A?)”



PART 2 - will beworth 100 POINTS on the exam
NOTE: All proofsin Problems 6-12 are informal.

6. Use PMI and Th. 4.22 to prove:
Foraln>2 AiNAsn - -NA, =4, NA, 1N - NA

7. Prove by Mathematical Induction (PMI): Vn > 2, 2°" < (n + 2)!

8. A sequence a,, isdefined: ag = 3, a; = 1, a, 2 = 2a,,1 + 3a, forn > 0. Usethe
Fibonacci Variation to prove that a,, = 3" + 2( — 1)" for al n > 0.

9. ProveF= {((x,y),z): Yz € Rand(x +y)z — 42— 1= 0} isafunction.

10. Let G = {(x,y): z,y € Randy? — 5x= 5}

a) Prove G is not afunction.

b) True or false (same G as above):
1) Domain of G = [0, o) Ans:
2) Rangeof G=R Ans.

11. Suppose F and G are functions such that D(F) = D(G) = R and
. .. —1ifxz> -1
NDVeeR Fz)=x—|z+1| “)G(x):{2x—|—1if_aj<—1
Use a“proof by cases’ to provethat F = G.

12. Let F beafunction such that: D(F) = R and Vz € &, F(z) = 2° — 5.
Prove: F: ROF{O[—& 00).



Hintsand Answersfor Practice Final
1. Hint: Can be done with DS, HS and MT.
2. Assume P A Q, then use Stwice
3. Begin with the assumption ~ Vx3yQ(x,y). Watch out for the oath!
4. Assume A N B = (), then assume a € A. A4 can then be used to show a ¢ B.
5L. Begin: Assume AN B ={ and let = be an arb. €lt. of A.
5D.a) F, T, F
b) There are 4 elements of length 3 in S2. They are; zyx, v*x, y=°, yry
c) Note z € A*, but not to (A?)”, since all elements of (A%)" have even length.

6. Let P(n) bethestatementfh ﬂAgﬂ SR ﬂAn :AnﬂAn_l n- - ﬂAl.

Base step - P(Z) : A1 N A2 = A2 N A1 (r)) True by T4.22.

Ind. hyp. - AssumeP(k) : A;N AN - - - NA,=A,NA_1 N - - - NA;.

Ind. step- ProveP(k + 1) : LHS=A; NAs N - - - NA 1 = A i NALN - - - NA

=RHS

Proof: LHS=A; NAsN - - - NA 1 =(A1NAN - - - NA) N A
=AN(ANAN---NAL) (byT4.22)
=A, 1 N(ALNA._1N - - NA) (byind. hyp.)
=Ap 1 NA N - - - NA
= RHS

ThusP(k + 1) istrue. By PMI, P(n)istruefor al n. > 2.

7. Let P(n) be the statement 2" < (n + 2)!

Base step - P(2) : 2* < 4!(?) True by calculation, since 16 < 24.
Ind. hyp. - Assume P(k) : 2% < (k + 2)!

Ind. step - Prove P(k + 1) : LHS = 22%42 < (k + 3)! = RHS

Proof: LHS =242 =4.2% <« 4(k+2)! < (k+3)(k+2)! =
(by ind hyp) (sincek > 2)

(k +3)! = RHS. ThusP(k + 1) istrue. By PMI, P(n) istruefor al n. > 2.



8. Let P(n) bethe statement a,, = 3" +2( — 1)".
Base step - P(0) : ap = 3° 4+ 2(—1)". True by calculation, since ay = 3 and
30 +2(-1)" =3.
P(1) : a; = 3" +2(—1)". True by calculation, sincea; = 1 and 3! +2(—1)' = 1.
Ind. hyp. - Assume P(k) and P(k + 1) aretrue; i.e.,
ar =3F +2(— 1) and apyy = 35 4+ 2(— 1)" .
Ind. step - Prove P(k + 2) : LHS = a;,» = 312+ 2( — 1)" " = RHS.
Proof: LHS = a2 = 2a;,1 + 3ay
=2(3%1 +2(— 1)) +3(3F +2( - )’“) (by ind. hyp)
— (23 4 38 1 4(—1)" +6(—1)F (by alg. regrouping)
=338 —4(—1)""? 4+ 6(—1)""? (since (—1)F = (-1)""?)
— 32 L g(—1)H*
= RHS
Thus P(k + 2) istrue. By PMI, P(n) istruefor al n. > 0.

9.Key step: notethat z + y — 4 # 0. Otherwise, the equation (z + y)z — 42— 1 =10
becomes —1 = 0, acontradiction. Thus we may solve for z and w: z =

10. @) Notethat (0, /5) € Gand (0, —/5) € Gand /5 # —/5.

b1)F 2T

p 2

11. Note that D(F) = D(G) is given.

Let  bean arb. elt. of R.

Casel.Letz > —1. ThenG(z) = —1 (given) and F(z) = z — (x + 1) = —1. Thus
F(z) = G(x).

Case2.Letx < —1. ThenG(z) = 2z + 1 (given) and F(z) =z — [—(z + 1)] = 2z + 1.
ThusF(z) = G(x).

ThusF(z) = G(z) foradl z inR, so F=G.

12. We must show [—5,00) = R(F).

C :Letybeanarb. dt. of [-5,00) and let x = \/y + 5. Thenx € R, sincey > —5.
Also, F(z) = F(y/y +5) = (/y+5)° — 5 = y. Thusy € R(F). Since y was arb.,
[—5,00) C R(F).

D :Letybeanarb. dt. of R(F).Thenthereisan x st. (z,y) € F. Thenz,y € R and
y=2z>—-5.Theny > —5,sincex® > 0. That is, y € [-5,00). Since y was arb.,
R(F) C [—5,00).

By double subset, [—5,00) = R(F) and thus F is onto.



