Example 3 Do an informal proof of: If A N B = B, thenB C A.
Proof: Assume AN B = Bandlet x beanarbetof B. SinceANB =B, xisdsoin AN B.
Thatis, z € Aand x € B. Inparticular, z € A. Thusevery élt of Bisadsoin A,so B C A.Od

Example4: T431 F(AC BACCD)— ANnCCBND
(Informal statement: If A C BandC C D, thenANC Cc BN D.)
Give a demonstration and a proof using no Theorems as reasons.

Formal demonstration: Informal proof:

1 ACBANCCD Assume A C BandC C D andlet x bean

2. ACB abeltof ANC. Thismeansz € Aandz € C.
3. ccbhD But, sincex € Aand A C B, thenz € B. Similarly,
4. ac ANC x € D.Thus, x € BN D. Therefore, every €lt. of
5. acANaeC AnCisdsoinBND,so ANC c BnD.O
6. a€ A

7. aecC

8. Ve(re€e A —x € B)

9. a€A—acB

10. || a € B

11. || Ve(z € C — x € D)

12. {laeC —acD

13. || a€e D

4. ||ae BAae D

15. |[lae BND

16. | ac ANC —a€BND

17. | Ve(r e ANC —x € BND)

18.| AnCcBnND

199 (AcBACCD)—ANCCBND

Homework (with some hints):

EXERCISE 38 Do aninformal proof of: A C AU B. (T4.7)
Hint - begin: Let x bean arb et of A.

EXERCISE 39 Do an informal proof of: ANU = A.(T4.12)
Hint - double subset.

EXERCISE 40 Do aninformal proof of: If AU B C B,then A C B.

EXERCISE 41 Do ademonstration and an informal proof of: If AUB = AN B,then A C B.
Hint - begin: Assume A U B = AN B and let x bean arb elt of A. Reread Example 3.

EXERCISE 42 Do an informal proof of: If A C B,thenANnC Cc BNC.
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Example 5 Do a demonstration and an informal proof of: If AN B = U, thenA =U.
Proof: Assume AN B =U andlet z beanarb elt of U. Thenthe assumptionsaysx € AN B.
Thatis, z € Aand x € B. Inparticular, x € A. Thusevery et of U isin A,so A =U. O

Example 6. Do an informal proof of: If AU B = U, then A C B.

Proof: Assume A UB = U andlet x beanarbelt of A. Since AU B = U and z € U, we have
r€ AUB.Thatis, x ¢ Aorx € B.Sincer € A, thisforcesz € B. Thusevery et of A isalso
inB,so AcC B.O

(Note: do you see a Digunctive Syllogism in this argument?)

Example 7. Give ademonstration and a proof using no Theorems as reasons for:
T413 FANA=0

Formal demonstration: Informal proof:
1 | 3x(z € ANA) We wish to show no elt of U can belong to
2.|lacANA AN A. Suppose A N A contains at least
3lacAnracA onedement, z. Thenz € Aandz € A;i.e
4 lacANa¢ A x € Aand x ¢ A, acontradiction. Thus
5. dz(z€ ANA) - (a€ ANa ¢ A) no such z can exist, i.e. AN A=0.0O
6. ~ El.r(.r cA ﬂZ)
7. Va(x ¢ AnA)
8. ANA=0

EXERCISE 43 Do ademonstration and an informal proof of: If AN B = 0, then A C B.
Hint - use an indirect argument near the middle of your proof (let x € B, etc).

EXERCISE 44 Do an informal proof of: If A ¢ AU B, thenA C B.
Hint - uses some reasoning similar to Example 6 above.

EXERCISE 45 Do an informal proof of: If AUB Cc BU A, thenA C B.
EXERCISE 46 Do an informal proof of: If AU B = 0, then A = 0.
Hint - begin: Assume A U B = {) and suppose A contains at least one element, x. Then reach a

contradiction.

EXERCISE 47 Do an informal proof of: If AUB C C,thenANC = 0.
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Example 8. (Example of “proof by cases’) Wewill provee Ac B - AUB=U
Note the “premise + conclusion” form.

Formal demonstration: Informal proof:

1. ACB Assume A C B. We wish to show every element
2. lac A of U belongsto A U B. Let z be an arb. €lt. of U.
3 |Va(xre A—x€B) Thenz € Aorxz ¢ A.

4. |lac A—a€B Casel:letx € A.Since A C B, x € B. Thus
5. |acB rcAorrcB;ie,xc AUB.

6. |lac AVacB CaseZ:IetxgéA.TheanZ;i.e.,xEZUB
7. lac AUB Thus every dt. of U isin AU B, i.e

8. acA—acAUB AUB=U.0O

9. |a¢ A

10. |ac A Note: the informal proof began with the word
11. |a€c AVac B ‘assume’ even though the demonstration did

12. |a€c AUB not begin with an assumption.

13. a¢A—acAUB

14. a€AVad¢g A

15. ac AUBVac AUB

16. ac AUB

17 Va:(a: € ZUB)

18. AUB=U

Miscellaneous I nformal Proofs

EXERCI SE 48 For each argument form, first do a demonstration (or find one in your notes),
using no Theorems as reasons. Then do an informal proof, using your demonstration as a guide.
a F(ACBANACC)—ACBNC

b) T414 FAUA=U

0ACBF ANB=0

ddACBFACANB

EXERCISE 49 In these, again using no Theorems as reasons, try to do only an informal proof.
alf AuBcCC,then (AcCc CandB C C)

b)lf Ac BuCand ANC=0,then AC B

clfAc BandB cC C,thenA C BNC

dIf AUB=A,thenBC A
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Strings

Definitions An alphabet A is any non-empty set of symbols. For example, A = {a, b} isatypical
alphabet we will work with. A string over A is an object formed by the juxtaposition (i.e., placing side-
by-side) of afinite number of elements from A. For example, v = a, v = ab, v = ba, v = ababa,

v = aaabb arefive different stringsover A = {a, b}. (Two strings are equal if and only if they match
character by character.)

Comments 1) Thereis no “commutative property” for strings. For example, if a and b are elements of
the alphabet, ab and ba are different strings. However, there is an “associative property”:

a(ba) = (ab)a = aba (i.e., the parentheses are not required).

2) A string like aaa can, and usually will, be written as a®. For example, the string aaabb above can be
written a®b%. Also, (ab)® = abab.

Definition Thereisanull string, A, consisting of no symbols. A string of the form a" is considered to be
the null string. The null string A has the property that, for any string v, Av = vA = v.

Definition If v and w are strings over A, we can form a string vw as v followed by w (this is sometimes
called the concatenation of v and w). In particular, the string +* means vv (v followed by v).

For example, if v = a” and w = ab®a, thenvw = (a?)(ab’a) = a®b*a and v* = a*.
Question: If v and w are strings over A, isvw # wv?

Definition The length of a string v, denoted |v/|, is the total number of symbols from A that make up v,
including repetitions. The length of the null string A will be defined to be O.

For example, with v and w as above, |vw| = |a*b*a| = 6.

Comments Observe that, in general, |vw| = |v| + |w|. Also, since |\| = 0, X isnever counted in |v|. For
example, if a isan element of our aphabet, [Aa| = || +]a| =0+1=1.

Definition Any set of strings over the alphabet A iscalled alanguage over A.
ExampleLet A = {a,b}. What istheset S = {v : visastring over A and |v| = 3}? Thisisthe set of al
strings over A with length 3. Let'slist them: S = {aaa , aab, aba, baa, abb, bab, bba, bbb} =

{a®,a%b, aba, ba®, ab?, bab, b*a, b }. Note the pattern in this list: first those strings with 3 a's, followed
by 2 a'sand 1 b, etc.
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EXERCISE 50 Simplify the following strings, using exponents whenever possible:

a) ala

b) a(aAb)(ab))(Aab)b

Q)azA*b2 A (ab))’.

EXERCISE 51 Give the length of each of the three strings in Exercise 50.

EXERCISE 52 List the elementsof T' = {v : visastring over A and |v| < 3} for A = {a, b}.
EXERCISE 53 Explain how we can count the number of strings of length n over A = {a,b}. What
about the number of string of length < n?

Definition For any alphabet A and n > 0, we define A™ = {v : visastring over A and |v| = n}. Thus
the set .S from the above Exampleis A®. Notethat A° = {\}.

Comment Note that, for n > 1, A™ can also be expressed in the following form using the notion of
concatenation mentioned above: A™ = {ayay - - - a, :a; € Afori=1,2, - - - ,n.}.

Definition Using the idea in the above comment, we can define S” ( where n > 1) for any set of strings
Sover A: S" ={xjzy- - -xp:x; €S fori=1,2, - - -,n.}. S isdefined to be {\}.

Question: Let a be asymbol and n a positive integer. What is {a}"?

Definition Consider two alphabets, A and B (possibly the same), and suppose S is a set of strings over
A and T isaset of stringsover B. We define ST = {vw : v € Sandw € T}.

ExampleLet S = {)\,a?,b} and T = {a,b*}. Then ST = {a,??,a°, a’*b?,ba, b*}.
Notethat ab € T'S, but ab ¢ ST. Thisisa“proof by example’ that ST # T'S.

EXERCISE 54 List the elements of A°, A, A?, and A3 for A = {a,b}.

EXERCISES5 Let A = {a,b}and S = {v:visasringover A and 2 < |v| < 3}. Express S asa
union of powersof A.

EXERCISES6Let A = {a} and S = {v: visastring over A and |v| < 100}. Express.S as aunion of
powers of A and list the elementsof S. (Usethe®. ..” notation.)

EXERCISE 57 Let A = {a,b} and S = {\, a,b}. Prove by examplethat 5% # A>.

EXERCISE 58 Consider the language T" = {a, b, ab, ba} over the alphabet A = {a, b}.

a)T? =7

b) Prove by example that | 72| < |T|* (Notation: for any set S, |S| = number of elementsin S.)
c) Given a non-empty alphabet A, what is the relationship between | A2| and |A]® (=, <, > )?
Explain.

EXERCISE 59 Let A = {a,b} and B = {b,c}. Q) List al the elements of AB2.

b) Let v be an element of A3B3. What can be said about |v|?

EXERCISE 60 a) Suppose A = {a,b} and S = {a, b, ab}. What is $??

b) Find an element that belongsto S° M S*.

Challenge problem 1 Let A be an aphabet and S be a non-empty language over A. Prove: S C S?if
andonlyif A € S.
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Definition Let A be anon-empty alphabet. The set A* (often referred to as the “Kleene Star of A”) is
defined as the set of all strings over A (including the null string A\). For example, if a isa symbol,

{a}" = {\,a,a®,a°, - - -} = {a" : n > 0}. It should be clear that A* has infinitely many elementsif A
is not empty. For completeness, we define §* = {\}. For ageneral alphabet A,

A ={AJUAUA*U - - -,

Definition Let A be an alphabet. A language over A isany set of strings over A (that is, any subset of
A*). For any language S, we may define the Kleene Star of S as S* = {\}USUS*U - - -

Examplelf A = {a} and B = {b}, then A* B* = {a™b" : m,n > 0}. In particular, note that
ab € A*B* but ba ¢ A*B*.Also, AB = {ab}, A>B? = {a*b?}, (AB)" = {(ab)" : n > 0} and

A"B" = {a"b"}. What is fjoAan?

ExampleLet A = {a,b} and B = {b, c}. Note that the string b¢c belongs to both A* B* and B* A*, since
bc = (b)(c) (and thus belongsto A* B*) and bc = (bc)(A) (and thus belongsto B* A*).

EXERCISE 61 Suppose A = {a,b} and B = {b, ¢} and consider the strings
a,b,c,ab, ba,bc,ch,ac, ca, abc, ab?, a’c, cb.

a) Which of these strings belong to A* U B*?

d) Which ones belongto (A U B)*?

¢) Which ones belong to A* B*?

d) Which ones belong to B* A*?

EXERCISE 62 For any aphabet A, what is (4*)*?How doesit compare with (A42)"?

EXERCISE 63 For any two alphabets A and B, provethat A*B* N B* A* contains at least one element
other than A. (Thiswill be another proof by example.)

EXERCISE 64 @) Let A = {a,b} and B = {b, c}. Prove by example that A* U B* # (AU B)".

b) Use a standard subset proof to show: for any two alphabets A and B, A* U B* C (AU B)".
EXERCISE 65 a) Prove: If S isalanguage over A, then S* C A*.

b) Prove: if S and T" are languages such that S C T, then S* C T™.

c) Prove: If Sisalanguageover A and A C S, then A* = S*.

EXERCISE 66 Let A = {1,2,3, +,*, — } (x ismultiplication). How many strings of length 3 arein
A*?How many make sense in standard Algebra? (For example, 12+ does not make sense, but 1+2 and
121 do.)

Challenge Problem 2: Let A and B be non-empty alphabets. Prove: A*B* = B*A* if and only if
AC BorBC A.

Challenge Problem 3: Prove: for any two alphabets A and B, A*B* N B*A* = A* U B*.
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Solutions for Selected String Exercises

Challenge problem 1 Let A be an alphabet and S be non-empty a set of strings over A. Prove: S C S?
ifandonlyif A € S.

( — ) : (Proof by contrapositive) Suppose A ¢ S. Since S # ), S must contain at least one element. Let
x be an element of minimal length in S. That is, no element of S is“shorter” than z. Thenforadlu € S,
|u| > |z|. Now consider the lengths of the elements of S2. If u,v € S, then

luv| = |u| + |v| > 2|z| > |z| (thislast inequality is because X ¢ S, so that |z| > 1). Thus z ¢ S?, since
it is “too short”. Thus there is an element that isin S, but not in 5%, s0 S ¢ S2.

(< ):Assume )\ € S and let u bean arb. elt. of S. Then u = Au € S%. Thusevery €t. of S isin 57, so
S c S

Exercise 60. a) Suppose A = {a,b} and S = {a, b, ab}. What is 5??
Answer: S* = {a?, ab, a’b, ba, b*, bab, aba, ab?, (ab)” }

b) Find an element that belongsto S° M S*.

Answer: a®b = (a)(a)(ab) = (a)(a)(a)(b), soison both S* and S*.

Exercise 61

a) All but ac, ca, abe, a*c, since an element of A* U B* must bein A* or B* and thus cannot contain both
a and c.

b) All, since AU B = {a, b, c} and al are strings over {a, b, c}.

c) All but ca. (For example, ¢*b € A* B* because c*b = (\)(c?b), where A € A* and c?b € B*.)

d) All but ac, abc and a*c belong to B* A*.

Exercise 62. For any alphabet A, what is (A*)*?How does it compare with (A2)"?

Solution: Note that every element of (A*)? is of the form vw, where v and warein A*,; i.e,, they are
strings over A. But the concatenation of two words over A is another word over A;i.e, itisin A*. Thus
every element of (A*)?isalsoin A*. So (4*)> ¢ A*. Also, A* C (4*)® since A € A*. Thus, by Double
Subset, (A*)* = A*.

Exercise 63. For any two alphabets A and B, provethat A*B* N B* A* contains at least one element
other than \.

Solution: Let a be an element in one of the alphabets. Then the string a belongsto both A* B* and B* A*
(sincea = aX = Aa). Infact, dl powersof ¢ areadsoin A*B* N B* A*. Thus A* B* N B* A* contains
I\, a,a?, @, - - -}andsois # {\}.

Exercise64. @) Let A = {a,b} and B = {b, c}. Prove by examplethat A* U B* # (AU B)"
Solution We must find an element that isin one set but not the other. Note that ac isin (A U B)", since
AUB ={a,b,c}, but ac ¢ A* U B*, sinceit isin neither A* nor B*.

b) Use a standard subset proof to show: for any two alphabets A and B, A* U B* C (AU B)".
Solution Let v bean arb. €lt. of A* U B*. Thenv € A* orv € B*.

Casel. Letv e A*. Thenvisastringover A. Since A C AU B, visaso astringover AU B. That is,
ve (AUB).
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Case2. Letv e B*. Thenvisastring over B. Since B C AU B, visasoastringover AU B. That is,
ve (AUB).
Thus every dt. of A* U B*isdsoin(AUB)";s0 A*UB* C (AUB)".

Exercise 65. @) Prove: If S isalanguage over A, then S* C A*.
Solution:

b) Prove: if S and T" are languages such that S C T, then S* C T™.
Solution:

c) Prove: If S isalanguageover Aand A C S, then A* = S*.
Solution:

Exercise66. Let A = {1,2,3, +,*, — } (+ isaddition, — is subtraction and = is multiplication). How
many strings of length 3 arein A*? How many are strings in the language of standard Algebra? (For
example, 12+ does not make sense, but 1+2 and 121 do.)

Solution: Since A has 6 different elements (3 digits and 3 symbols), there are 6° = 216 strings of length
3 over A. To determine how many make sense in standard algebra, consider the types of strings of length
3:

type 1: containing 3 digits (111, etc.)

type 2: containing 2 digits and one symbol (11+, €tc.)
type 3: containing 1 digit and 2 symbols (1++, etc.)
type 4: containing 3 symbols (+++, etc.)

Clearly, no word of types 3 or 4 make sense as (stand-alone) algebraic expressions.

How many of type 1?3 - 3- 3 = 27. (Pick adigit, pick adigit, pick adigit.) All make sense in standard
algebra.

There are 3 - 27 = 81 words of type 2, but only the ones of the form (digit)(symbol)(digit) make sense.
There are 27 of these. So the total is 63.

(Note: if you consider the “—" as a negative sign, there are 9 more, since the form (—)(digit)(digit) makes
sense.)
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Review for Test 3

Still More Hintson Taking Tests

1. Concentration is akey factor in test performance. Fortunately, concentration is a mental skill
that can be developed through practice. Many simple calculation mistakes are due to lack of
concentration.

2. Your mind can process information much faster than you can write. When you are doing your
homework, discipline your mind to focus on exactly what you are writing. Then bring that mental
discipline with you to the test.

3. When you take atest, try to put al distractions out of your mind. Even subconscioudly, you can
be thinking about something that is bothering you and make errors on problems you know how to
do.

4. If you do not understand what is to be done for any given problem, ask the instructor for an
explanation. Often the instructor can help you clear up the misunderstanding. If not, then interpret
the problem to the best of your ahility, explain how you understood it, and solve it that way.

SAMPLE TEST 3 (Solutionsare given in the last section of the Companion, but try not to
look until you havetried the problem.)

1. (20 points) Give a demonstration using NO THEOREM S AS REASONS for:
FACAUB — ACB

2. (20) Using your demonstration above as a guide, give an informal proof of the statement:
fAC AUB,thenAC B

3.(15) Show AUBU AU B = A using a“chain of equations’.

4. (15) Demonstrate: - (AUB c C) — ANC =0 Youmay useany Theorem,
Axiom or Definition we have discussed in your demonstration.

5. (10) Fill in the missing reasons for steps 2, 3, and 4:

1.|lac AUB as.
2. lacANB
3.|a¢ ANB

4. ~(a€ ANa€ B)

6. [5,5,6,6] For all partsbelow, usethe aphabets A = {a,b} and B = {b,c}.
a) List 5 elements of A* of length 5.

b) List the elements of AB>.

c) Prove by examplethat A*B* #+ B* A"

d) Use a double subset argument to prove: A* N B* = (AN B)"
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Chapter 5
Templatesfor Chapter 5

Template 1
Given: F = {(z,y): - - -}
To prove: F isafunction

Write:
Proof: Let x,y, zbearb. dts. s. t. (z,y) € F and (x, z) € F.
Thus, y = z. Since x, y, z were arb., F' isafunction. [

Template 2
Given: F = {(z,y) : - - -}
To prove: F isanot afunction

Do:
Find (by inspection, algebra, etc.) actua elements z, y, z (usualy numbers) st. y # z, but (z,y) € F and
(x,2) € F

Write:

Proof: Observethat (x,y) € F and (z,z) € F.
- -« (verification if necessary)

Since y # z, F'isnot afunction. O

Template 3

Given: Domain/Rule presentation for F* and G (discussed in class):

That is, we are given D(F'), D(G) and rules (usually equations) for F'(x) and G(x).
To prove: F and G are equal

Write: Observe D(F') = D(G) [usually given - verify if necessary] and let D = D(F') = D(G). Suppose x
isan arb. elt. of D.

Thus F(z) = G(x) forevery z inD,s0 F = G. O

Notation: F': A — Bmeans F' isafunction with domain A and range a subset of B. Thusthere are
three things required for (and implied by) the use of this notation:

1) Fisafunction

2)D(F)=A

YR(F)C B
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Template 4a
Given: F: A — Bandarulefor F(x).
To prove: F' isonto (notation: F': A — B - read “ F'maps A onto B")

Note: sincewe aregiven F' : A — B, we need only prove B C R(F).
Write: Let y bean arb. €t. of B.

Thusthereisanx € Ast. F(z) =y, 0y € R(F). Sincey wasarb., F': A — B.

onto

Template 4b
Given: afunction F' with domain A and arulefor F(x).
Toprove F: A — B

onto

Note: since the Domain/Rule presentation is given for F', we need to prove that R(F') = B.
Write: C : Let ybeanarb. ét. of R(F).

Theny € B. Sincey wasarb., R(F') C B.
D :Letybeanarb. €t. of B.

Thusthereisanz € A st. F(z) =y, 0y € R(F'). Sincey wasarb., B C R(F).
Thus, FF': A — B.

onto

Template 5

Given: afunction F : A — B and arulefor F(x)

To prove: F isnot onto

Do: Find an actual element yy € B s.t. F(x) # y, foral x € A.
Write: Let y = y,. Theny € B.

Thusthereisnox € Ast. F(x) =y, 0 F : A — Bisnot onto.
Template 6

Given: afunction F : A — B and arulefor F(x)

To prove: F isone-to-one (1-1) (notation: F': A = B)

Note: this template also works with the Domain/Rule presentation.

Write: Let x;, z, bearb. dts. of A st. F(x1) = F(xs).

Then x; = x». Since z; and z, were arb., F'is 1-1.
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Template 7

Given: afunction F : A — B and arulefor F(x)

To prove: F' isnot one-to-one

Note: this template also works with the Domain/Rule presentation.

Do: find two actual elements x;, x, of ASt.xy # xo but F(x;) = F(xs).

Write: Note that x; and z, are two different elementsof A and F'(z;) = F(x») [justify if necessary].
Thus F isnot 1-1.

Question: if F" were presented in set-builder form, how would you rewrite the above two
templates?

Some examples and exercisesfor Chapter 5
Example Consider the relation F = {(x,y): z,y€ R Azy #0 }

Prove D(F) =R" (R"= the st of non-0 reals)

Proof: (“Double subset” or “double inclusion” method.)

C :D(F) C R" Let x bean arb. dt. of D(F). Thenthereisay st. (z,y) € F. Thismeans z and y
arereal and xy # 0. But thisimplies z isanon-0 real number; i.e. z € R". Since x was arb.,

D(F) Cc R".

O : R" ¢ D(F) Let x beanarb. dt. of R" and spsey isalso inR". Then z, y € R and zy # 0,
0 (z,y) € F. Thusz € D(F). Since x was arb., R" C D(F).

ExampleLet F = {(x,y) : z,y € R and zy + 3y = 3}. Prove F isafunction.

Proof: Let x, yand z be arb. elts. sit. (x,y) € Fand (z,2) € F. Thenz,y,z €« Rand xy + 3y = 3
and zz + 3z = 3. Observe that x + 3 # 0. Otherwise the equation zy + 3y = 3 becomes0=3, a
contradiction. We may thus solve for z and w: z = x% = w. Sincez, y, z werearb., Fisa
function.

EXERCISE 67.

a) Prove F' = {( ,¥) : xz,y € Rand 2y — zy = z} isafunction.

b) Find D(F) and R(F’) for F = {(z,y) : =,y € R and zy = 0}.

c) Prove: for F = {(z,y) : z,y € Rand zy + 3y = 3}, R(F) = R"*.

d) Find D(F ) and R(F) for F = {((z,y),2): .4,z € R Azy +yz = 1}.

ExampleLet F= {((x,y),z): x,Y,2 €ERA z\/E =1+ z\/ﬂ }

a) Prove Fisafunction.

Proof: Let z, y, z and w be arb. dlts. st. ((x,y),2) € Fand ((z,y),w) € F. Thenz,y, zand w € R
and z\/z =1+ z,/yand w\/x =1+ w,/y. Observethat \/x # | /y. Otherwise the equation

z\/E =1+ z\/§ becomes 0 = 1, a contradiction. We may thus solve for z and w:

1_\/§ = w. Since z, ¥, z and w were arb., F is afunction.

=

=
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b) Prove z = 2 and z = —2 both belong to R(F).
Proof: Observethat ((5,0),2) € Fand ((0,5),—2) € F. Thisshows 2 € R(F) and —2 € R(F).

Comment: Thiswould be your entire response to the question. This can be done by example
since were actually proving an existential statement. To find numbers x and y st. ((z,y),2) € F,
look at the algebrain the proof above. We need to solve the equation 2 = ﬁl_ 7 By eye, we

could let y = 0 and then solve 2 = ﬁ for z, getting z = ;. That is, ((3,0),2) € F. Similarly,
((0,3),—2) €F.
.cmmMamemamnG:{«ng)xggE;Ram3@%—3+zx=9+w}ﬁmees

not a function.
Proof: Observethat, for example, ((2,2),0) € G and ((2,2),1) € Gand 0 # 1. Thus G isnot a
function.

Comment: thisis another existential statement, and can thus be proved by example. We need to
find two pairs ((z,y), z) € Gand ((x,y),w) € G, with z # w. Unless you're clever enough to
“observe’ asolution (few are), the best way to find such pairsisto pretend we're trying to solve

for z in the defining equation for G: 3(z* — 1) + zz = 9 + zy. We would get z = %@‘1) Note
that, if thiswere “legal” in G, then G would be a function. So there must be a problem here, and it
must be with a0 denominator (z—y = 0). So, spse z = y. Thenthe equation3(x? — 1) + zx =

9 + zy becomes 3(2* — 1) = 9, yielding z> = 4. z dropped out and can thus be chosen arbitrarily.
If wetake x = 2, we'll get the solution above. Note for test purposes, the one line is sufficient for
an answer to this type of question. The work would be done on scratch paper (or in your head if

you're that clever).

Example Suppose F and G are functions such that D(F) = D(G) = R and
) Ve e R F(z)= >

ifx >0
) Glx) = Tz 2
o= 77
a) Fill in the blanks in the definition of G so that F = G.
Note, if z > 0, |z| = 2,90 F(z) = “~ = 3z; and if z < 0, |z| = —=, 0 F(z) = =22 = 2.

Thus, 3z and 2z are the values in the blanks of G.

b) Provethat F = G.

Proof: First, note that D(F) = D(G), as given in the statement of the problem. We must show that
F(x) = G(x) for every z in the common domain (R). So, let x be an arb. elt. of R.

Case 1: spsez > 0. Then |z| = z, s0 F(z) = 5 = 3z = G(z) (as determined in part a)). Thus
F(x) = G(x) in case 1.

Case2: spsez < 0. Then |z| = —=, so F(z) = =12 = 22 = G(x) (again, as determined above).
Thus F(x) = G(x) in case 2.

Since F(x) = G(z) inall cases, F=G.
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Example For parts a) and b) below, suppose F and G are relations (sets of ordered pairs) such
that F U G isafunction.

a) Prove F and G are both functions

Proof: Let's prove Fisfunction. Let z, y and z be arb. ts. st. (x,y) and (z, z) € F. Since
FCFUG, (z,y) and (z,2) € FUG. But since FU Gisafunction, y = z. Since z, y and z were
arb., Fissfunction. The proof for G issimilar.

b) Prove Vx € b(F) nD(G) [F(x) = G(x)].

Proof: Let z be an arb. ét. of D(F) N D(G). Then z € D(F). Thusthereisay st. (z,y) € F.
Theny = F(z). Similarly thereisa z st. (z,z) € Gand z = G(z). But sinceboth Fand G are
subsetsof FU G, (z,y) and (z, z) € FUG. Since FU G isafunction, y = z.

EXERCISE 68. Suppose F and G are functions such that D(F) = D(G) = R" and

)Vz e R Hmzﬁﬁz

.. 3ifz>0
”)G(”“"):{1ifx<o

ProveF = G.

EXERCISE 69. In each cas, tell whether the given set isafunction (Y) or not afunction (N).
No proofs required.

A {(zy):zyeNAz<2Ay>2}

b) {(z,y): z,y € RAy+2=yz +z%}

_ Of{@y):ryeRAy+1=yz+ 27}

_ d{zy)zycRALE=1AYy=4}

O {@yryecRAz=1Ay> =4}

o Let A=[0,00). Suppose D(F) = AandVz e 4 F(z) = 22 + 1.Prove F : A =5 A, but
F: A Alsfase.

Proof: To prove F'is 1-1, we use Option 1 from Template 6 above. Let x; and x, be arbitrary
eementsof A st. F(x;) = F(xg). Thenzi +1 = 3 + 1, 0 z} = x3. Thisimplies that

x; = + x9. But since z; and o > 0, thissays x; = x». Since x; and x» were arb., F'is 1-1.
To prove F' isnot onto, we use Template 5. Let y = 0. Theny € A. Suppose thereisan z in A
st. F(z) = 0. Thenz* +1 =0, s0 2 = — 1, whichisacontradiction. Thusthereisno x € A

st. F(z) =y, 0 F : A — Aisnot onto.
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Chapter 6
Note: throughout Chapter 6, you may assume the variable n represents an integer that is > 0.

Template 1. Proof by M athematical Induction (PMI)
Given : asequence of statements P(1), P(2), P(3), - - -
To prove: P(n) istrueforal n > 1

Write:

Let P(n) be the statement [write out P(n)].

Base step - P(1) : [write out P(1)]. True by [reason).
Inductive hypothesis - Assume P(k) : [write out P(k)]
Inductive step - Prove P(k + 1) : [write out P(k + 1)]

ThusP(k + 1) istrue.
By PMI, P(n) istruefor al n > 1.

Some PM 1| examples.
e For all natural numbersn, 1+2+ - - - 4+n = "2t
Proof: Let P(n) bethe statement 1 +2+ - - - +n = n(n;l)-
Base- P(1): 1= &8 True.

Ind. hyp. - AssumeP(k) : 1 +2+ - - - +k = k(k;l)-

Ind. step - ProveP(k + 1): LHS=1+2+ - - - +(k+1):w = RHS
LHS=1+2+ - - - +(k+1) = 1+24+ - +k+(k+1)
— HEH) 4 k41 (by ind. hyp.)
:k(k+1)+2k_+2
2 2
_ kE?43k+2

2
B (k+1)2(k+2) _ RHS

Thus P(k + 1) istrue. By PMI, P(n) istrue for al natural numbers n.1

eForaln > 1, 11" — lisamultiple of 10.

Proof: Let P(n) be the statement 11" — 1 isamultiple of 10.

Base - P(1): 11! — 1 (= 10) isamultiple of 10. True.

Ind. hyp. - Assume P(k): 11¥ — 1isamultiple of 10 (i.e., 11* — 1=10j, where j € I).

Ind. step - Prove P(k + 1): 11%+! — 1 isamultiple of 10.
1 -1 =11-11F -1
= 11(105 + 1) — 1 (by induction hypothesis)
=11-10j+11—1
= 10(115 + 1), whichisamultiple of 10.
Thus P(k + 1) istrue. By PMI, P(n) istruefor all n > 1.00
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Example Using Theorem 4.18 (A N B = A U B), we will prove:
Foraln>2 AiNA,N---NA,= AU A, U - - - U A,.
Proof: Let P(n) bethestatement A, N A, N - - - NA, = AU A, U - - - U A,.
Base- P(2): A1NA,= AU A, Trueby T4.18
Ind. hyp-AssumeP(k) AlﬂAzﬂ SR ﬂAk: Zlu ZzU - U Zk
Ind. step-ProveP(k+1): LHS=A1NnA,N - - - ﬂAkﬂ:Zl UZzu SEEE UZk Umz RHS
LHS= AlﬂAzﬂ s ﬂAk+1: AlﬂAzﬂ oo ﬂAk ﬂAk+1
:AlﬂAzﬂ . ﬂAk U Ak+1 (byT418)
= Zlu ZzU - U Zk U Ak+1 (bylnd hyp)
=RHS
Thus P(k + 1) istrue. By PMI, P(n) istrue for n > 2.01

(8)EXERCISE 70 Prove by PMI: for all n > 0, 22! isan integer. (Note: 0! = 1.)

v 2npl

Example Prove by PMI: For n = 2,3,4, - - -, (2n + 1)! > 2?"(n!)? (to be done in class)

(t)EXERCISE 71 Proveby PMI: Foraln > 1,1+ 4+ 7+ - - - + (3n 4 1) = (0212
The Fibonacci Numbers F, are the positive integers in the sequence defined as follows:

Fl = 1, F2 =1

F..1 =F,+F,1 forn > 2 (Fibonacci recursion formula)
Thefirst 10 Fibonacci numbersare: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55.

Example Let's prove: for al n > 2, FyFh1 — FaFne = F2 . Supposen > 2. Then FrFo1 — FFns =
l:n(Fn + l:n—l) - l:nFn—l = F% + l:nFn—l - l:nFn—l = F%
(Question: do you see why we needed the assumption n. > 27?)

(a)EXERCISE 72 Prove that, if F, iseven,then F2_; — F2_, isamultiple of 4. This problem does not

n n

require induction. (Hint: factor and use the Fibonacci recursion formula.).

Let's do an induction proof with the Fibonacci Numbers.
Example Provethat, forn > 1, FF + I + - - - + P2 =F,F.,1.

Proof: Let P(n) bethestatement Ff + R + - - - + F2 =F,F,1.

Base- P(1): B =F,F,. True, since 1> =1 - 1.

Ind. Hyp. - AssumeP(k): Ff + F5 + - - - + F =F.Fp1.

Ind. Step- ProveP(k +1): i + B + - - - + F; = Fiy1Fipe. (LHSSRHS)

Proof of ind. step: LHS=F} + B + - -+ F, =F + B + -+ F + F,

= FF1 + F, (by inductive hypothesis)
= F(Fe +Figa)
= FFiy2 = RHS

ThusP(k + 1) istrue. By PMI, P(n) istruefor dl n > 1.0
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(A EXERCISE 73Prove by PMI: for dl integersn > 1,F + i + F + - - - 4+ R, =F,.

Example Provethat F> — F, F,_; = (—1)""'fordln > 2.
Proof: Let P(n) bethe statement P — F, . F,_; = (—1)""L.
Base - P(Z) : F% — F2+1F2_1 =12-2.1=-1= (—1)2+1.
Ind. Hyp. - AssumeP(k) : B2 — Fpy Fpoy = (—1)F 1
Ind. Step - Prove P(k + 1) : 2| — FpyoF, = (—1)F"2. (LHS=RHS)
Proof of ind. step: LHS=F, | — FyoF. = F,; — (Fip1 + Fo)F
- F12c+1 — PP — R
=Fn (P —F) - F
=F.p P — F
= —(F = FeniFio1)
= —(—1)*H! (by ind. hyp.)
= (-1)*" = RHS
ThusP(k + 1) istrue. By PMI, P(n) istruefor al n. > 2.

(2)EXERCISE 74 Prove by PMI: Vn € N, Fy +2F, +... +nF, = (n 4 1)Fuis — Fuys + 2.
(8)EXERCISE 75 Prove by PMI that F, < 2" for all n > 1. (Hint: Fpyq = F 4+ Fioy < 2F))

(Q)EXERCISE 76 Let a; = 2 and a,, 1 = 2a, + 1for n > 1. Use PMI to prove a,, < 2"*! for all
n > 1. (Hint: since each a,, isan integer, a, < 2" if and only if @, < 2°*! — 1))

(A)EXERCISE 77 Let ay = 1 and a1 = a, + (1)""" for all n > 0. Prove by PMI that a,, = 2 — (1)"
foraln > 0.

1
2

Strong Induction (The Second Principle of M athematical Induction)
Suppose S € N and

@1e S,and

(b) whenever 1,2, - - - k€ S, thenk+1¢€ S.

Then S = N.

Template 2. Strong Induction (Second PM1)
Given: a sequence of statements P(1), P(2), P(3), - - -
To prove: P(n) istrueforaln > 1

Write:

Let P(n) be the statement [write out P(n)].

Base step - P(1) : [write out P(1)]. True by [reason].

Inductive hypothesis - Assume P(1), - - -, P(k) : [writeout P(1), - - -, P(k)]
Inductive step - Prove P(k + 1) : [write out P(k + 1)]

Thus P(k + 1) istrue.
By PMI, P(n) istruefor al n > 1.
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Hereis one of the classic Strong Induction proofs:

Theorem For every integer n > 2, n is either prime or a product of primes.

(Note: aprime number isaninteger > 2 which has only 1 and itself as factors.)

Proof: Let P(n) be the statement “n is either a prime or a product of primes.”

Base - P(2): 2 is either aprime or a product of primes - true since 2 isa prime.

Ind. Hyp. - Assume P(2) AP(3) A ... AP(k): that is, suppose every number from 2 to k is either prime
or a product of primes.

Ind. Step - Prove P(k + 1): k + 1iseither prime or a product of primes.

If k£ + 1 isprime, thisis certainly true. If £ + 1 isnot prime, then it can be factored: k + 1 = ab, where
2 < a,b < k. By the induction hypothesis, each of ¢ and b is either prime or a product of primes. Putting
thistogether, k£ + 1 isaproduct of primes. Thus P(k + 1) istrue.

By Second PMI, P(n) istruefor all n > 2.0

An important variation on Strong Induction is PMIv3 (the “Fibonacci Variation”).

Template 3. PM I, variation 3 (PM1v3, or “ Fibonacci Variation™)
Given: a sequence of statements P(1), P(2), P(3), - - -
To prove: P(n) istrueforaln > 1

Write:

Let P(n) be the statement [write out P(n)].

Base step - P(1) : [write out P(1)]. True by [reason].

and P(2) : [write out P(2)]. True by [reason].

Inductive hypothesis - Assume P(k) and P(k + 1) [write out P(k)and P(k + 1)].
Inductive step - Prove P(k + 2) : [write out P(k + 2)]

Proof of ind. step:

Thus P(k + 2) istrue.

By PMIV3, P(n) istruefor al n > 1.

Example Use the Fibonacci Variationto prove: Vn € N, 3F,,» — F, = F, 4.
Proof: Let P(n) bethe statement 3F,,, o — F, = F, 4.
Base- P(1): 3F; — F; = F5. Correct, since3 -2 — 1 = 5.
and P(2): 3F, — F;, = Fg. Again correct, since3 -3 — 1 = 8.
Ind. hyp. - Assume P(k) and P(k + 1): that isassume 3F; o — F, = F.yqy and 3F, 5 — Fry1 = Fiys.
Ind. Step - prove P(k + 2): 3F;. 14 — Fiyo = Fr 6.
Proof of ind. step: LHS=3F;, 4 — Fry0 = 3(Fry3s + Fry2) — (Fiyr + Fr) (by the Fibonacci recursion
formula)
=3Fy3 — Ry 3R — R
= Fi,5 + Fry4 (by inductive hypothesis)
= Fpy6 = RHS
Thus P(k + 2) istrue. By the PMIV3, P(n) istruefor al n € N.O
Do you see why we had to check both P(1) and P(2) at the beginning of this proof? And why we assumed
k > 2 inthe Inductive Hypothesis? We'll discuss thisin class.
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Let's do another proof using the Fibonacci Variation of PMI.

Example Given: ay = 2, a; = 2and a,,; = 2a, + 3a,_; for n > 1. Prove by PMIv3: for al
n>0,a, =3"+(-1)".

Let P(n) be the statement a,, = 3" + (—1)".
Base- P(0) : ay = 3° + (—1)°; i.e, 2 = 1 + 1. True by given info.
P(1):a; =3+ (-1)% i.e, 2 = 3 — 1. True by given info.
Inductive hypothesis - Assume P(k) and P(k + 1): a; = 3% + (—1)
agy1 = 3k+1 + (—1)k+1.
Inductive step - Prove P(k + 2) : LHS = a;,» = 3512 4+ (=1)"*? = RHS
Proof: LHS = ai,o = 2a;,1 + 3a; (by giveninfo)
= 2(3M1  (=1)") +3(3F 4+ (—=1)*) (byind. hyp.)
= 2.3 L3 o) 4 3(—1)F
= 3.3 —2(=1) (=D +3(=1)F (-1)?
_ 3k+2 + (_1)k+2
= RHS.
Thus P(k + 2) istrue. By PMIV3, P(n) istruefor al n. > 0.

k and

EXERCISE 78 Use the Fibonacci Variation to prove: F, 5 = 5F,+» — 2F, foraln > 1.
This challenge exercise is a generalization of the above ideas.

(*)Challenge Suppose c isan integer and ¢ > 3.Use the Fibonacci Variation to prove: for all
n > 17 Fn+c = Fan+2 — FeoF,.

EXERCISE 79 Prove by PMIv3 that F, < 2" for al n > 1.

EXERCISE 80 A sequence a,, isdefined: a; =1, as = 2, a,12 = a1 + 2a, forn > 1. Usethe
Fibonacci Variation to prove that a,, = 2°~! foral n > 1.

Additional PM | Exercises

(W)EXERCISE 81 Proveby PMI: forn > 1,1+3+5+ - - - +(2n— 1) = n?

(WEXERCISE 82 Proveby PMI: forn >1,1-2+2-3+3-4+ - - - +n(n+1) = “ote2)
(W)EXERCI SE 83 Prove by PMI: for n > 1, n® — nisamultiple of 3.
(W)EXERCISE 84 Proveby PMI:forn >1,1-11+2-214+ - - - +n-nl = (n+ 1)1 — 1

(W)EXERCISE 85 Prove by PMI: for n > 1, 4*® — 1 isamultiple of 15.
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Example Prove by PMI: 2" > n?for n > 5.

Proof: Let P(n) be the statement 2% > n?.

Base - P(5): 2° > 5°. True, since 32 > 25..

Ind. hyp. - Assume P(k) : 2F > k2.

Ind. step - Prove P(k + 1) : 2571 > (k + 1) (LHS > RHS).

Proof of ind. step: LHS = 2¥+! = 2.2F > 2k2 = k2 + k2
> k? + 5k (since k > 5)
>k*+2k+1
= (k+1)? = RHS.

Thus P(k + 1) istrue. By PMI, P(n) istrueforn =5, 6, 7, - - -.00

(W)EXERCI SE 86 Prove by PMI: for n > 1, 2?" < (n + 2)!

EXERCISE 87 Prove by PMI: Vn > 4, n! > 2™

EXERCISE 88 Prove by PMI: for n > 1, (n!)* < (2n)!

(W)EXERCI SE 89 Recall Theorem4.24: A U(BNC)=(AUB)N(AUC).

Prove the following generalization by PMI:

Foraln>2 AU(B,NB,N---NB,)=(AUB)N(AUB,)N---N(AUB,).
EXERCISE 90 Prove by PMI: for every natural number n, the set {1,2,3, - - - ,n} contains

exactly n(n — 1)/2 subsets of size 2. (For example, the set {1,2,3} has these subsets
of size2: {1,2}, {1,3} and{2,3}; i.e., it has 3(3-1)/2 = 3 subsets of size 2.)

n{n—1)(n—2)

(W)EXERCI SE 91 Prove that the number of subsetsof {1,2,3, - - - ,n} of Size3is 5 :

EXERCISE 92 A sequence a,, isdefined: a; = 5, a,,1 = a, +n + 5 forn > 1. Use PMI to prove that
a, = " forall n > 1.

EXERCISE 93 A sequence a,, isdefined: a; = 3, a, 1 = 2a, + 1. Use PMI to prove that
a, =2"1 —1fordln > 1.

(W)EXERCISE 94 A sequence a,, isdefined: ag = 2, a; =1, ayy2 = a1 + 2a, for n > 0. Use the
Fibonacci Variation to prove that a, = 2" + ( — 1)" for al n > 0.

(WEXERCISE 95Prove: forn > 1, 1+2<1+1i+41+ - -+ <1+n

(WEXERCISE 96 Prove: forn > 1,12 =22 432 — . . . 4 (—1)""'p2 = (— )"t ointl
EXERCISE 97 Giventhe Theorem: If A Cc CandB C C,thenAUB C C.
Proveby PMI: fordln > 2,ifAy CC,A, CC, - - -,andA, C C,
thenA; UA U - - - UA, C C.
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(w)Challenge Use Second PMI (strong induction) to prove that every positive integer can be expressed
as asum of (one or more) distinct powers of 2. (The term “distinct” means “different from each other”.)
For example: 13 =20 +22 + 23,26 =21 + 23 + 2* 16 = 2*

Review for Test 4/Final Exam

Studying for a Comprehensive Final Exam

1. Study the past exams and quizzes. Be sure that you know how to solve those types of
problems.

2. Go over the homework problems. Concentrate on the kinds of homework problems that were
emphasized in class or appeared on past exams.

3. Look at the examples that are worked out in the text or are in your notes.

4. Review any topics that were covered since the last exam.

5. You should be able to spend more time on material from the beginning of the course, and a
little less on more recent material, since this will be fresher in your mind. But, do not omit any
major topics.

6. In amathematics class, you must work problems, more problems and still more problems.

SAMPLE FINAL EXAM (Solutionsare given in thelast section of the Companion, but try
not to look until you havetried the problem.)

PART | - Review of Chapters 1-4
1.[20] Demonstrate P— R,P—S, ~P—G, ~G - RAS
2.[20] DemonstrateusingIP: A —- B, ~A— ~C,~(CAB) - ~C
3.[20] Demonstrate Va:{ ~ G(z) V H(x)}, VzG(xz) V VaH(z) - VzH(z)
4.[20] Demonstrate

~ Va:EIy{P(x,y) A Q(x,y)}, Va:EIy{P(x,y) A R(x,y)} F dz3yQ(x,y) A JzTyR(x,y)
5. [20] Demonstrate: - A ¢ AUB — AN B =0.
6. [3,3,3] Suppose A isthe alphabet {a,b} and S isthe language {\, a, b, ab}.
a) What is A%?
b) How many elements arein §2?
c) Prove by example: A* # (A?)”

PART Il - Chapters5and 6

NOTE: All proofsin Problems 7-12 are informal.

7.[20] Use PMI and Th. 4.24 to prove:

Foradln>2 AU(B NB:N - - NB,)=(AUB)N(AUBy)N - - - N(AUB,)

8.[20] Choose either A or B and prove by Mathematical Induction (PMI):
A.Foraln > 1, ©=1 isaninteger,

B.Vn > 1, (n!)? < (2n)!

42



9. [20] Suppose F and G are functions such that D(F) = D(G) = (—o0, 2) and
Ve e R F(z)=24

x—2
N [ —1if0<r<2
")G(x)‘{1+fjifx<o
Provethat F = G.
10. [20] Prove F = {((w,y),z): x,y,2 € Rand-6+zx°= zy)} isafunction.

11.[20] Let G = { <(.1:,y),z): z,y,2 € Rand 2y+za?= zy)} Prove G is not a function.
12.Let A=Rand B =10,00). Suppose D(F) = AandVx ¢ A F(z) = |x — 1|. Prove:

b)R(F) = B
b) F: A Bisfdse,
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Appendix: Solutionsto Sample Tests

SampleTest 1 Solutions
1.a) DictionaryL: The teacher lets me.
S: I'll skip test 2.
T: I'll skip test 3.
Trandation: L — (SAT)
b) ~(L— (SAT))«>LA ~(SAT)«<LA(~SV ~T)
c) Theteacher letsme, but | won't skip test 2 or | won't skip test 3. (Questionable wording: The
teacher lets me, but | won't skip test 2 or test 3. This seems to say you won't skip either test.)

2.1 Q—P Pr.
2. ~S—-~P Pr.
3. ~(R—T) Pr.
4. | Q As.
5 | P Det., 1,4
6. |[P—S EQ., C, 2
7. |'S Det., 5,6
8. | RA-T EQ., NI, 3
0. R T, S 8
10. | RAS Rep., 7,9
11. Q—(RAS) RCP
3.1 ~(PA~Q) Pr.
2. (TvS) —P FPr.
3. T Pr.
4. TVS T, A, 3
5 P Det. 2,4
6. ~PvQ EQ., NC, 1 (DN)
7. Q TI, DS, 5, 6, (DN)
4. 1. | ~Q As.
2. |RVQ Pr.
3. |R—P Pr.
4. | (SVP)—=(RAQ) Pr.
5 | R TI, DS, 1,2
6. |P Det. 3,5
7. | SVP TI, A, 6
8. |RAQ Det., 4,7
9. |Q T, S 8
10. | QA~Q Rep., 1,9
11. ~Q— (QA~Q) RCP
12. Q TI, 1P, 11
5al Vv ol
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Statements

~[(PVQ) —R]
P—R
Q—R
(PVQ)A ~R

~R
~P
~Q
PVQ
Q

QA ~Q

~[PVQ) =Rl = (QA ~Q)

(PVQ)—R

Sample Test 2 Solutions
1. @) The Energizer Bunny does not have floppy ears.
b) Not every animal with floppy earsis a bunny.

c) ~ F(e) A Jz[B(x) A F(x)]

2.a) Q(3,3) says: 32 + 3% > 10. Thisistrue.
b-HF,T,F,T,T

3.

1. ~VzQ(x)
2.Vx[P(z) — Q(z)]
3.3z ~ Q(x)

4. ~ Q(a)

5.P(a) — Q(a)

6. ~ P(a)

7.3z ~ P(z)

Vo ~ Q(xz)

~ 3rQ(x)
P(a)

VaT(x)

T(a)

P(a) — T(a)

ONOO Ok WDNE

JxQ(x) V VaT(x)

Va[P(x) — T(x)]

Pr.
EQ 1, NU
El,3
ul,2
TI, MT, 4,5
EG,6
Pr.
Pr.
EQ 1, NE
As.
TI, DS, 2,3
ul,5
RCP
UG, 7
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Reasons
As.
Pr.
Pr.

EQ1, NI

TI,S 4

TI,MT, 2,5
TI,MT, 3,5

TI,S 4

T1, DS, 6, 8

Rep., 7,9
RCP
TI, 1P, 11




5. 1. Va3y[F(z,y) — G(z,y)] Pr.
2. AaVy[G(z,y) — H(zx,y)] Pr.
3. Vy[G(a,y) — H(a,y)]  EI2
4. Fy[F(ay) — G(a,y)] Ul 1
5. F(a,b) — G(a,b) El, 4
6. Gla,b) — H(a,b) Ul, 3
7. F(a,b) — H(a,b) Tl, HS, 5,6
8. Jy[F(a,y) — H(a,y)] EG, 6
9.

Jz3y[F(z,y) — H(z,y)] EG,8
6.Let U ={1,2}, P(z) : x = 1, Q(x) : x = 2 (not the only correct answer)

Sample Test 3 Solutions

1. 1. | ACAUB as.
2. | Ve(rc A—zx€ AUB) EQ,D11
3. ac A as.
4. |[|la € A—acAUB ul, 2
5. a€ AUB Det., 3,4
6. ac€c AVaeB EQ., A5, D3,5
7 |lagA EQ., A5, D2, 3
8 ||laeB TI, DS, 6,7
9. a€A—a€B RCP
10. | Vz(z € A—z € B) UG, 9
11| ACB EQ., D1, 10
12, ACAUB—ACB RCP

2. Proof: Assume A C AU B and let z beanarb. elt. of A. SinceA C AU B, x belongsto
AUB.Thatis,z € Aorz € B.But,sncex € A, z ¢ A. Thusz € B. Therefore, every elt. of
A belongsto B; s0 A ¢ B.O

3. Show AUBUAU B = A using a“chain of equations’.
AUBUAUB =(AUB)N(AUB) (Th.18)
AU(BNB) (Th.24)

ud (Th. 13)
(Th.9)

A
A
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.1 | AuBcC as.
2. Ve(r € AUB — 2 C) EQ., D1, 1
3. ac ANC as.
4. |lacAracC EQ., A5, D4, 3
5. ac AUB—acC ul, 2
6. a€A TI,S 4
7. ac€c AVaeB TI,A, 6
8 |lacAUB EQ., A5, D3, 7
9. ||aeC Det. 5, 8
10. || a¢ C EQ., A5, D2, 9
11. ||a e C TI,S 4
12. |[lacCAhag¢C rep., 10, 11
13.| ac ANC —(aeCAa¢C) RCP
14.| a¢ ANC TI, 1P, 13
15. | Vz(x ¢ ANC) UG, 14
16.| ANC =0 EQ., A4, 15
17 AUBCC—ANC=0 RCP

5. Fill in the missing reasons for steps 2, 3, and 4:

1. |lacAUB as.
2. |lac ANB SEQ, Th. 18, 1
3.|a¢ ANB EQ., A5, D2,2 (note thisisour “shortcut”)

4. | ~(a€ ANa e B) EQ., A5 D4,3 ( " )

6. a) some examples: a°, a*b, a®ba, ababa, a’ba’, etc.

b) AB? = {a,b}{b% be,chb,c?} = {ab?, abc, ach, ac?,b*,b*c, beb, be? }

c) Find an element that is in one side but not the other: note that ac € A*B*, but ¢ B* A*.

d) C:Letvbeanarbetof A* N B*. Thenvissimultaneously a string over {a, b} and over
{b,c}. That is, the only symbol invisc. Thusv € {c}". Since A N B = {c}, thissays

vE (ANB) . Thusevery elt of A* N B*isadsoin (ANB)",s0 A*NB*C (ANB)".

D :Letvbeanarbdtof (AN B)". Since AN B = {c}, thissaysv € {c}". Sincec € Aand
c € B, thistellsusthat v € A* andv € B*. Thusv € A* N B*. Thusevery dt of (AN B)" is
dsoinA*NB*, 20 (ANB)" Cc A*nB*. 0O
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Sample Final Exam Solutions

1 1
2.

CONDURWNRL OND U AW

Pl
o

©WoNOOA~WDNE

e
~wWwDdhkEOo

1.

P—R pr.
P—S pr.
~P—G pr.
~ G pr.
P TI, MT, 3, 4, (DN)
R det. 1,5
S det. 2,5
RAS rep. 6, 7
C assum.
A—B pr.
~A— ~C pr.
~ (CAB) pr.
~CV ~B EQ, NC, 4
~ B TI,DS, 1, 5, (DN)
~ A TI,MT, 2,6
~C det. 3,7
CA ~C rep. 1,8
C—(CA ~C) RCP
~C TI, IP, 10 (DN)
Va{ ~ G(z) VH(x)} pr.
VaG(z) V VzH(x) pr.
~ YzH(x) assum.
dz ~ H(x) EQ., NU, 3
~ H(a) El, 4
~ G(a) VH(a) ul,1
~ G(a) T, DS, 5,6
dz ~ G(x) EG, 7
~ Yz G(x) EQ.,NU, 8
VaH(x) TI, DS, 2,9
H(a) ul, 10
H(a) A ~ H(a) rep. 5, 11
~YzH(z) — {H(a) A ~H(a)} RCP
VaH(z) TI, IP, 13
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4. 1.  ~Vziay{P(z,y) A ~Q(z,y)} pr.
2. Vzdy{P(z,y) ANR(z,y)} pr.
3. JxVy{ ~ P(z,y) VQ(x,y)} EQ., NE, NU, NC, (DN), 1
4. Vy{ ~Pla,y) vV Q(a,y)} El, 3
5  3Jy{P(a,y) AR(a,y)} ul, 2
6. P(a,b) AR(a,b) El, 5
7.  ~P(a,b)VQa,b) ul, 4
8. P(a,b) TI,S,6
9. Qa,b) TI, DS, 7, 8(DN)
10. R(a,b) TI,S, 6
11. EIyQ(a, y) EG’ 9
12. Jz3yQ(x,y) EG, 11
13. JyR(a,y) EG, 10
14. JzIyR(z,y) EG, 13
15. Jz3yQ(z,y) A JxTyR(x, y) rep., 12, 14
5 1 ACcAUB assum.
2. a€c ANB assum.
3. ac€ANa€B EQ., A5, D4, 2
4, ac A TI, S, 3
5. Ve(r € A —xc AUB) EQ., D1,1
6. acA—acAUB Ul,5
7. a€ AUB det. 4, 6
8. acAVacB EQ., A5, D3, 7
9. a¢ AVag¢B EQ., A5, D2, 8 (twice)
10.| |a¢ B TI, DS, 4, 9 (DN)
11. a € B TI,S, 3
12. acBANa¢B rep. 10, 11
13. ac ANB—(a€ BANa¢ B) RCP
14.| a¢ANB TI, 1P, 13 (DN)
15. Va(zx ¢ AN B) UG, 14
16.| ANB=0 EQ., A4, 15
17 ACAUB—ANB=10 RCP

6. a) What is A?? A? = {a?, ab, ba, b?}

b) How many elementsarein S>? Ans. 12 (\, a, b, ab, a®, a*b, ba, b*, bab, aba, ab?, abab).

c) Prove by example: A* # (A?)" Example: a € A, but a ¢ (A?)” (that is, a isaword over A,
but a is not aword over A?).

7.Let P(n) bethestatement AU (BN BN - - - NB,)=(AUB)N(AUBy)N - - - N(AUB,).
Base-P(2): AU(B,NBy)=(AUB;)N(AUBs). Trueby Thm. 4.24,
Ind. hyp. - AssumeP(k): AU(BiNBaN - - - NB)=(AUB)N(AUBy)N - - - N(AU By),

where k > 2.
Ind. step - Prove P(k + 1) :
=(AUB))N(AUBy)N -

LHS=AU (B NByN - - - N Bps1)
"ﬂ(AUBk+1):RHS.
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LHS=AU(BiNByN -+ - N Bys1)
=AUB NByN - - NB.NB)
=[AU(BINByN - - - NBy)|N(AUBgy1) (by Th. 4.24)
=(AUB))N(AUBy)N - - - N(AUB,)N(AUBy,1) (byind. hyp.)
= RHS
ThusP(k + 1) istrue. By PMI, P(n) istruefor al n. > 2.
8. A. Let P(n) be the statement &=L ¢ 1. (Can be trandated, 6" — 1 = 7j, where j € I.)
Base- P(1): ¥ € . True, since 6> — 1 = 35 and 22 = 5.
Ind. hyp. - Assume P(k) : 6%7—‘1 c I; that is6®* — 1 = 75, wherej c L. .
Ind. step - Prove P(k + 1) : 6241 — 1 ¢ I
Observe 62F+1) — 1 =62 .62 — 1 =36(7j+ 1) — 1 = 7(365) + 35 = 7(365 + 5). Thus
&1 — 365 + 5, which € I. Thus P(k + 1) istrue.
By PMI, P(n) istruefor al n > 1.
B. Let P(n) be the statement (n!)? < (2n)!
Base- P(1): (1!)? < (2!) — true by observation.
Ind. hyp. - Assume P(k) istrug; i.e., (k!)? < (2k)!, where k > 1.
Ind. step - Prove P(k +1) : LHS=((k + 1)!)? < (2(k +1))! =RHS
LHS= ((k+ 1)1)? = (k + 1)*(k!)?
< (k+1)%(2k)! (byind. hyp.)
< (2k+2)(2k + 1)(2k)! (sincek +1 <2k +1< 2k +2)
= (2(k+1))!'=RHS
Thus P(k + 1) istrue. By PMI, P(n) istruefor al n > 1.

9. Proof: Let z bean arb. €lt. of ( — 00, 2).
Casel Let0 <z <2 Then F(z) = 22 = =22 — _ 1 Also, G(z) = — 1. Thus F(z) = G(x).
Case2. Letz <0.Then F(z) = 2 =221 — 1 4+ 4 Also, G(z) = 1 + -%5. Thus F(z) = G(z).

Since F(x) = G(z) indl cases, F = G by Theorem5.7. O

10. Proof: Let z,y, 2z, w be arb. dts. such that ((z,v),2) € F and ((z,y),w) € F. Thenz,y,z,w € R
and — 6+ z2® = zy and — 6 + wa® = wy. Observe that 2°> — y # 0. Otherwise, y = 2* and the
equation — 6 + zx? = zy becomes — 6 = 0, a contradiction.

Thus we may solve for z and w: z = -2~ = w. Since z, y, z, w were arb., F isafunction. O

x2—y

11. (Hint: To get started on this kind of problem, first try solving for z and notice where a problem might
occur. When we solve for z here, we get z = yfﬂz. There is adivision-by-0 problen when y = 2.
Assuming y = z?, we can deducethat x = y = 0.)

Proof: Notethat ((0,0),1)and ((0,0),2) € G, but 1 # 2. Thus G is not a function.
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12. &) To prove R(F') = [0, o), we use the double subset method.

C : Letybeanarb. dt. of R(F'). Theny = |« — 1| for some z in R. By the definition of absolute value,
y > 0. Thusy € B. Sincey wasarb., R(F') C [0, c0).

D :Letybeanarb. et. of B. Definextobey + 1. Thenxz € A and

Fx)=|z—1|=|ly+1—1] =y, sncey > 0. Thusthereisanx € Ast. F(z) =y, 0y € R(F).
Sincey was arb., [0, 00) C R(F).

b) To prove F' isnot 1-1, we use Template 7. Note that 3 and —1 are two different elements of A and
F(xy) = F(xy)since |3 —1|=|—1—1| = 2. Thus Fisnot 1-1.
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THEOREM SHEET

Al Vz(x € U)(Thereisauniversal set U
to which al elements of all sets belong.)

A2 A=B < Vax(zre Az € B)

A3 A=U < Vz(x € A)

Ad A=0—Vz(z ¢ A

A5. If P(z) isan open statement which is
meaningful for the elements of U, then
{z: P(x)}isaset. Also,
a€{x: P(x)} < P(a) and
a¢{x:P(x)} < ~ Pla)

DlLACB«<Ve(x€ A—xz<B)
D2.A={zr:zx¢ A}

D3.AUB={x:x€ AVx e B}
DA ANB={x:x€ ANz € B}

T41 +Va(x ¢ 0)

T42 F0C A

T43 FACU

T44 F0=U

T45 FU =0

T46 FA=B— (ACBABCA)
T47 FAC AUB

T48 FANBCA

T49 FAUD=A

T410 FONA=10
TANMFUUA=U

T412 HANU = A

T413 FHANA=10

T414+ AUA=U

T415+H A=A
T416+A=B— A=B
T417+AUB=ANB

T418+ ANB=AUB

T419+ AUB=BUA

T420 - AU(BUC)=(AUuB)UC
T421 - AN(BUC)=(ANB)U(ANC)
T422+H ANB=BNA
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T423 - AN(BNC)=(AnB)NC

T424 - AU(BNC)=(AUB)N(AUQC)

T425 - ANA=A

T426 FAUA=A

T427THACA

T428+H (ACBABCC)— ACC

TA29+ACB—BCA

T430 H(ACBACCD)—
AUC CBUD

T43l+H(ACBACCD)—
ANnCcBND

T432+HANB=A~ACB

T433+HAUB=B~ ACB

D5.A§B<—>(ACB/\A7EB)
T4.34|—A§B<—>
{ACBAJz(zxe BAx ¢ A)}

T4.35 N{AgA}
T4.36 FA;B—> N{BgA}
T4.37 FA;BHACB

T438 - (ACBABCC)— AcCC
7 7 7
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USEFUL TAUTOLOGIES

(PAQ) S (QAP) e Commutative rule for conjunction............. cC
(PVQ) S (QV P Commutative rule for digunction.............. CD
PAQAR)] S [(PAQ) AR Associative rule for conjunction................ AC
PVQVR] <[PV Q) V R Associative rule for digunction................. AD
PAQVR]<[(PAQ V (PAR) e Distributive rule for conjunction............... DC
PVQAR]<[PVQ APV R e Distributive rule for digunction................ DD
0 (0 P) 9 P Double negation............ccccecvveneeeneeennennes DN
~(PAQ) & (~PV ~ Q)i Negation of conjunction............c.cccevvrvennee NC
~(PVQ & (~PA ~Q)ieireiree e Negation of digunction..........c.cccceevevrnennee ND
~(P= Q) & (PA ~ Q)i Negation of implication............c.ccccevrvennee. NI
~(PeQ & (~P o Q)i Negation of biconditional..............cccecenee. NB
~(PeQ & (PSS ~ Q)i Negation of biconditional..............cccecenee. NB
(P= Q) & (~ PV Q)i Implication to digunction..............cccccue..... ID
P=0Q ©(~Q = ~ Pl CoNtrapoSItiVe........cccvvereeere e C
PeQ &[(P=Q A(Q= Pl Biconditional...........ccooveveeneneninieeesee B
P oV o P Excluded middle..........cccoevvniniiccninnnn EM
(PA Q) = P SIMPlfiCation.....c.coveirireiieeces S
(PA Q) = Qe SIMPlfication.......c.ooeereneiisceee S
P = (P V Q)i AAItION. ... A
Q = (P V Q)i AAAItION. ..o A
[PAP = Q)] = Querrrrrererereree e MOAUS PONENS.......covmrienrereeiricieeneieenens MP
[P=QA(Q=R)]=(P= R Hypothetical syllogism........cccocvvevecennnnnne HS
[PV Q) A ~ Q] = Pt Digunctive syllogism........ccccccoevvvrvennnnnns DS
[PV Q) A ~P| = Qe Digunctive syllogism........ccccceeveeeerenienenne DS
[~ QA (P= Q)] = ~ P MOdUS TOHENS. ..., MT
[PVRIA((P=QAR=9)]=(QV ... Congtructive dilemma.........ccccoevrvevennnnen. CDL
[(~QV ~9HA((P=QA(R=9)]= (~PV ~ R)...Desructivedilemma.........c.ccccocecvrrenne. DDL
Y = T [dempotent........ccovvrereeee e IM
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